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Chapter 1

Introduction

Since many theories in the social sciences deal with processes of social
change, increasing attention is being given to the collection of longitudinal
data and to the development of methods for analyzing longitudinal data.
This book discusses techniques for analyzing a particular type of longitu-
dinal data: event history data. More precisely, it provides a general frame-
work for dealing with missing data problems in the analysis of event history
data. These missing data problems involve unobserved heterogeneity, mea-
surement error, and partial nonresponse. An important characteristic of
the approach that is presented is that it is based on using models which
were originally developed in the field of categorical data analysis.

In this introductory chapter, attention is given to the difference between
event history data and other types of longitudinal data, to methods for
analyzing event history data and their relationship with log-linear models,
and to the three above-mentioned missing data problems. In addition, an
outline of the book is presented.

1.1 Types of longitudinal data

Longitudinal data can be classified according to the type of information that
it provides about change and, as a result, the type of research questions
that can be answered using it. The term change refers to a change that
occurs in an individual’s scores on the variables of interest. Other terms
which can be used interchangeably with change are transition and event.
The least informative type of longitudinal data is time-series or trend
data. Time series are obtained by collecting the same type of information
at different points in time. But unlike other types of longitudinal data,
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there is a different sample of individuals at each point in time. As a result,
there is no information on individual changes, transitions, or events, but
only on net or aggregate changes in the population to be studied.

Panel data is obtained by investigating the same sample units at dif-
ferent points in time. Panel data, thus, provides information on the values
of the variables of interest at particular points in time. What is observed
is whether the value of a variable on one occasion equals its value on the
previous occasion. If these values are not equal, it is certain that the indi-
vidual concerned experienced at least one transition or event. On the other
hand, if the two values are equal, there may or there may not have occurred
events between the two points in time. As a result, panel data not only
provides information on net changes, but also partial information on gross
or individual changes.

Two types of longitudinal data which are more informative than panel
data but still less informative than event history data are event-count data
and event-sequence data (Tuma and Hannan, 1984:19-20). Event-count
data records the number of changes, transitions, or events that occur in
a particular time interval, while event-sequence data records the sequence
of values of the dependent variable of interest for each sample member.
Event-count data and event-sequence data can, for instance, be collected
by means of a panel design in which the number and sequence of events
between the previous and the current occasion is requested retrospectively.

Event history data is even more informative since it contains informa-
tion on the timing of changes, transitions, or events. In other words, event
history data records the number of events, their sequence, and the time at
which they occur. In experimental settings, it is generally possible to ob-
serve the subjects involved in the study continuously, which makes recording
the timing of events a rather straightforward procedure. In nonexperimen-
tal studies, it is more difficult to collect event history data. Sometimes,
event history data can be obtained from archives. Another possibility is
to gather data on the timing of events retrospectively. The best known
method is the life-history calendar which is a one-shot survey in which
information on different types of life-course events are collected simultane-
ously (Freedman et al., 1988). Another method for collecting event history
data retrospectively is by means of a panel design in which individuals are
questioned about the timing of events which occurred between subsequent
occasions.
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1.2 Methods for analyzing event history data

The general purpose of the analysis of event history data is to explain
why certain individuals are at a higher risk of experiencing the event(s)
of interest than others. This can be accomplished by using special types
of methods which, depending on the field in which they are applied, are
called failure-time models, life-time models, survival models, transition-
rate models, response-time models, event history models, duration models,
or hazard models. Here, the terms event history model and hazard model
are used interchangeably.

In hazard models, the risk of experiencing an event within a short time
interval is regressed on a set of covariates. Two special features distinguish
hazard models or event history models from other types of regression mod-
els: they make it possible to include censored observations in the analysis
and to use time-varying explanatory variables. An observation is called
censored if the event of interest did not occur before the end of the obser-
vation period. Censoring is, in fact, a form of partially missing information:
On the one hand, it is known that the event did not occur during a given
period of time, but, on the other hand, the time at which the event occurred
is unknown. Time-varying covariates are covariates that may change their
value during the observation period. The possibility of including covariates
which may change their value in the regression model makes it possible to
perform a truly dynamic analysis.

Event history models can be classified according to different types of
dimensions. The first distinction that can be made is based on the nature
of the dependent variable which is being modelled. The dependent vari-
able may be either discrete or continuous. While most of the work which
has been done in the field of event history analysis involves models for dis-
crete dependent variables, there are also methods for analyzing changes in
continuous dependent variables (Tuma and Hannan, 1984: Part 3; Allison,
1990). This book deals solely with models for discrete dependent variables.

The category of event history models for discrete dependent variables
can be subdivided into two subgroups: continuous-time methods and discrete-
time methods. As the terms indicate, the time variable is assumed to be
continuous in continuous-time methods, while in discrete-time methods it is
assumed to be discrete. In other words, the former type of methods assume
that events may occur at any point in time, while the latter type of methods
assume that changes occur at certain discrete time points. The category
of continuous-time methods can be subdivided on the basis of whether the
time dependence of the process being studied is parameterized. In paramet-
ric models, the time dependence is assumed to have a particular functional
form, while in the semi-parametric model proposed by Cox (1972), the time
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dependence remains unspecified, which means that it is not restricted at all.
In discrete-time models, it is possible to restrict the time dependence as in
parametric models or to leave it unspecified as in Cox’s model. This does
not, however, lead to fundamentally different types of models. Therefore,
it suffices to distinguish the following three main types of hazard models:
parametric continuous-time models, the Cox semi-parametric continuous-
time model, and discrete-time models.

The simplest situation in the analysis of event history data is that in
which there is only one type of event and each individual can experience
only one event, in other words, if there is a single nonrepeatable event. As
is demonstrated in Chapter 4, methods for analyzing event history data can
easily be adapted to deal with more complex situations, that is, situations
in which there are different types of events and in which individuals may
experience more than one event.

An important feature in the context of this book is the fact that hazard
models are strongly related to log-linear models for frequency tables. Both
the piecewise exponential survival model, which is a parametric continuous-
time model in which the risk of experiencing an event is assumed to be
constant within time intervals, and the Cox semi-parametric model can
be shown to be equivalent to log-linear models for the analysis of rates,
also known as log-rate models (Holford, 1980; Laird and Oliver, 1981). In
addition, it can be demonstrated that the discrete-time logit model, which
is the most frequently used discrete-time method, is a log-linear model in
the form of the modified path model proposed by Goodman (1973).

1.3 Missing data problems

This book deals with three types of missing data problems that may occur
in event history analysis: unobserved heterogeneity, measurement error,
and partial nonresponse.

Unobserved heterogeneity means that particular variables which explain
individual differences in the risk of experiencing the given event(s) being
studied cannot be included as covariates in the hazard model because they
are not observed. As is demonstrated in sections 4.6-4.8, unobserved het-
erogeneity can seriously distort the results of hazard models. It may lead
to spurious time dependence, spurious time-covariate interactions, spurious
time-varying covariate effects, spurious dependence between different types
of events, and spurious dependence between the events experienced by the
same observational unit.

Measurement error is another problem that is often conceptualized as a
missing data problem. In latent structure models, an individual’s true score
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on a variable which is measured erroneously is treated as a latent or unob-
served variable. Measurement error may distort the results obtained from
an event history model. Measurement error in the dependent variable gen-
erally leads to an overestimation of the amount of change that has occurred
since not only true change but also measurement error is contributing to
the observed change. Measurement error in the covariates used in an event
history model leads to biased parameter estimates.

In the case of unobserved heterogeneity and in the case of measurement
error, there are one or more variables which are completely unobserved, in
other words, which are missing for all subjects involved in the study. There
are, however, also situations in which information on particular variables is
partially missing, that is, observed for some persons and not observed for
others. As was mentioned above, censoring is a form of partially missing
data on the dependent variable. Although hazard models are well suited
for dealing with censored observations, the results are only valid if the
censoring mechanism is independent of the process being studied. There
may also be partially missing data in the covariates used in a hazard model.
It is well known that excluding the observations with partially missing
covariate values from the analysis may lead to biased parameter estimates
if the missing data are not missing completely at random.

The best solution to these three missing data problems is to prevent
them from occurring, that is, to observe all relevant explanatory variables,
to measure all variables without error, and to prevent partially missing
variables. If, however, there is missing data, the models which are used to
analyze the data have to be adapted to minimize the distortion caused by
missing information. In the field of event history modeling, a great deal of
work has been done on methods for dealing with unobserved heterogeneity
(Vaupel, Manton, and Stallard, 1979; Manton, Vaupel, and Stallard, 1981,
1986; Vaupel and Yashin, 1985; Heckman and Singer, 1982, 1984; Flinn
and Heckman, 1982; Trussell and Richards, 1985; Mare, 1994; Guo and
Rodriguez, 1994; Yamaguchi, 1986; Clayton and Cuzick, 1985; Heckman
and Honore, 1989). In addition, some work has been dedicated to covariates
which are measured with error (Gong, Whittemore, and Grosser, 1990)
and to covariates which are subject to partial nonresponse (Schluchter and
Jackson, 1989; Baker, 1994).

This book presents a general approach to missing data problems in event
history analysis which is based on the similarities between log-linear models
and event history models. Log-linear models which have been developed
for dealing with unobserved heterogeneity, measurement error, and partial
nonresponse are used to deal with the same kinds of missing data problems
in event history analysis. The general approach incorporates some of the
existing approaches as special cases, extends some existing approaches by
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making it possible to relax some of their basic assumptions, and leads to
some new applications, such as event history models with latent or indi-
rectly measured covariates and discrete-time logit models with measure-
ment error in the dependent variable of interest.

The general model consists of two parts: a model for the covariates
included in the model and a hazard model for the dependent process which
is to be studied. The hazard model may be either a log-rate model or a
discrete-time logit model. The model for the covariates is a modified path
model proposed by Goodman (1973). It has been shown that it is possible
to incorporate latent variables (Hagenaars, 1990) and partially observed
variables (Fay, 1986; Baker and Laird, 1988) in a modified path model.
Although the approach presented in this book is quite general, it has one
important limitation, which results from it being based on the use of log-
linear models: the missing information must be in categorical variables.
This implies that a non-parametric approach to unobserved heterogeneity is
used, that measurement error is dealt with by means of latent class models,
and that partially missing information may only occur in the dependent
variable and in covariates which are categorical.

1.4 An outline of this book

In addition to this introductory chapter, this book consists of four chapters.
Chapter 2 discusses log-linear models. The main purpose of this chapter is
to explain log-rate models, modified path models, and methods for obtain-
ing maximum likelihood estimates of the parameters of log-linear models
implemented in the CEm program (Vermunt, 1993), which, in turn, can be
used to estimate the general class of models discussed in this book. Chapter
3 shows how to incorporate variables with missing information in log-linear
models. It presents latent class models, modified path models with latent
variables, and log-linear models for nonresponse.

Chapter 4 deals with event history models. After the basic concepts
and the main types of hazard models are presented, some more advanced
topics are discussed, such as censoring, the use of time-varying covariates,
models for competing risks, and multivariate hazard models. Chapter 5
presents the general approach for dealing with missing data problems in
event history analysis. It shows how to combine the log-linear models with
latent variables and partially missing data discussed in Chapter 3 with the
log-rate and discrete-time logit models discussed in Chapter 4. In addition,
it presents a number of applications of models with unobserved hetero-
geneity, measurement error in the dependent variable, measurement error
in the covariates, partially missing information on the dependent variable,
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and partially observed covariate values.
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Chapter 2

Log-linear Analysis

Log-linear analysis has become a widely used method for the analysis of
multivariate frequency tables. There are several excellent textbooks which
give extensive overviews of categorical data analysis by means of log-linear
models (Bishop, Fienberg, and Holland, 1975; Goodman, 1978; Haberman,
1978, 1979; Fienberg, 1980; Agresti, 1990; Hagenaars, 1990). The aim of
this chapter is not to provide another overview of the field of log-linear
analysis, but to introduce those elements of log-linear modeling that are
necessary to understand the main chapters of this book.

Three topics deserve special attention: estimation by means of iterative
proportional fitting and uni-dimensional Newton, log-rate models, and log-
linear path models. Understanding iterative proportional fitting and uni-
dimensional Newton is important because these procedures for obtaining
maximum likelihood estimates are implemented in the CEM program (Ver-
munt, 1993), which was used to estimate all models discussed in this book.
Log-rate models are important because of their equivalence to piecewise
exponential survival models, which are extensively discussed in Chapter 4.
Lastly, it is important to thoroughly explain the less known log-linear path
model for at least two reasons. First, the discrete-time event history model
is a special case of this model. Second, most of the log-linear models with
missing data discussed in the following chapter are log-linear path models.

Some standard topics in log-linear modeling are introduced in the first
four sections of this chapter. In sections 2.1, 2.2, 2.3, and 2.4, atten-
tion is paid to saturated and non-saturated hierarchical log-linear mod-
els, sampling distributions, estimation procedures, and model selection, re-
spectively. Non-hierarchical log-linear models are discussed in section 2.5.
Log-rate models or models with a weight vector are presented in section
2.6. Section 2.7 demonstrates how to incorporate non-linear terms in a
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log-linear model. ‘Regression-analytic’ variants of the standard log-linear
model, i.e., the logit model and the multinomial response model, are pre-
sented in section 2.8. The final section deals with a ‘path-analytic’ causal
model for categorical data, Goodman’s modified path model (Goodman,
1973).

2.1 Hierarchical log-linear models

2.1.1 Saturated log-linear models

Suppose we have a frequency table formed by three categorical variables
which are denoted by A, B, and C, with indices a, b, and ¢. The number of
categories of A, B, and C' is denoted by A*, B*, and C*, respectively. Let
mape be the expected frequency for the cell belonging to category a of A,
b of B, and ¢ of C. The saturated log-linear model for the three-way table
ABC is given by

logmape = u+u?+ul +ul +ulf +ulC +uBC +uABC . (2.1)

The consequence of specifying a linear model for the log of mgp. is that a
multiplicative model is obtained for mape, i.e.,

Mape = exp (u+us +uf +ul +ulf +un +uf +ulB)
_ A_B_C_AB_AC_BC,_ABC
= TT¢ Ty Tc Tab Tac Tve Tabe - (22)

From Equations 2.1 and 2.2, it can be seen that the saturated model con-
tains all interactions terms among A, B, and C. That is, no a priori re-
strictions are imposed on the data. However, Equations 2.1 and 2.2 contain
too many parameters to be identifiable. Given the values for the expected
frequencies mygpe, there is not a unique solution for the v and 7 parame-
ters. Therefore, constraints must be imposed on the log-linear parameters
to make them identifiable. One option is to use ANOVA-like constraints,
namely,

g ufzg uszg usz,

a b c

E:AB_E:AB_E:AC_E:AC_E:BC_E:BC_
Ugy = Ugh = Uge = Uge = Upe = Upe _0’

a b a c b c

11t should be noted that the log transformation of mp. is tractable because it restricts
the expected frequencies to remain within the admissible range. However, there are also
linear models for the analysis of categorical data (Grizzle, Starmer, and Koch, 1969). In
addition, models have been proposed which combine linear and log-linear constraints on
the expected frequencies (Haber and Brown, 1986; Lang and Agresti, 1994).
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§ : ABC _ ABC § ABC _
Ugbe Ugbe Ugbe

b

This parameterization in which every set of parameters sums to zero over
each of its subscripts is called effect coding.? It is the most often used pa-
rameterization in applications of log-linear modeling. In effect coding, the
u term denotes the grand mean of logmgp.. The one-variable parameters
u?, uf, and u¢ indicate the relative number of cases at the various levels of
A, B, and C as deviations from the mean. More precisely, they describe the
partial skewness of a variable, that is, the skewness within the combined
categories of the other variables. The two-variable interaction terms uAbB,
u2C, and uBC indicate the strength of the partial association between A
and B, A and C, and B and C| respectively. The partial association can
be interpreted as the mean association between two variables within the
levels of the third variable. And finally, the three-factor interaction param-
eters ufbfc indicate how much the conditional two-variable interactions
differ from one another within the categories of the third variable. In other
words, they describe the size of the discrepancy between the partial and
the conditional associations.

Another method to identify the log-linear parameters involves fixing the
parameters to zero for one category of A, B, and C, respectively. This pa-
rameterization, which is called dummy coding,? is often used in regression
models with nominal regressors. Although the expected frequencies under
both parameterizations are equal, the interpretation of the parameters is

rather different. When effect coding is used, the parameters must be inter-

20ther terms which are sometimes used for this parameterization are marginal coding
and deviation from means parameterization (Willekens, 1994:123).

3This parameterization is sometimes also referred to as the partial method or reference
cell parameterization (Willekens, 1994:123).
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preted in terms of deviations from the mean, while under dummy coding,
they must interpreted in terms of deviations from the reference category
(Alba, 1987; Long, 1984).

2.1.2 Non-saturated hierarchical log-linear models

As mentioned above, in a saturated log-linear model, all possible interac-
tion terms are present. In other words, no a priori restrictions are imposed
on the model parameters apart from the identifying restrictions. However,
in most applications, the aim is to specify and test more parsimonious mod-
els, that is, models in which some a priori restrictions are imposed on the
parameters. Log-linear models in which the parameters are restricted in
some way are called non-saturated models. There are different kinds of re-
strictions that can be imposed on the log-linear parameters. One particular
type of restriction leads to the family of hierarchical log-linear models. Hi-
erarchical log-linear models are models in which the log-linear parameters
are fixed to zero in such a way that when a particular interaction effect
is included in the model, all lower-order effects containing a subset of the
indices of the effect concerned must also be included in the model. For ex-
ample, when a model contains the two-variable interaction term u4P, the
one-variable terms uaA and uf must be included too. The opposite applies
as well. When a particular interaction term is fixed to zero, all higher-
order interaction terms containing all its indices must also be fixed to zero.
For example, if the partial association between A and B is assumed not
to be present, the three-variable interaction u/;2¢ must be fixed to zero as
well. Applying this latter restriction to Equation 2.1 results in the following
hierarchical log-linear model:

A_ B A B
logmape = u+us +ub +ul +ulC +upc.

Another example of a hierarchical log-linear model is the independence
model

logmape = u+ul+uf +uf.

Hierarchical log-linear models are the most popular log-linear models be-
cause, in most applications, it is not meaningful to include higher-order
interaction terms without including the lower-order interaction terms con-
cerned (Agresti, 1990:144). Another reason is that it is relatively easy to
estimate the parameters of hierarchical log-linear models because of the ex-
istence of simple sufficient statistics (Bishop, Fienberg, and Holland, 1975).
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The estimation of the parameters of hierarchical log-linear models will be
discussed in the next subsections.

2.2 Sampling distributions

The above-mentioned log-linear models for the three-way frequency table
ABC' are population models. However, since generally only a sample of
the population is observed, the parameters of a log-linear model that is
postulated for the population have to be estimated using the observed cell
counts ngpe.. The parameters of log-linear models are usually estimated by
means of the maximum likelihood method (ML). Some alternative meth-
ods are weighted least squares (Grizzle, Starmer and Koch (1969), mini-
mum chi-square (Berkson, 1968), and minimum discrimination information
(Berkson, 1972; Darroch and Ratcliff, 1972). A common element in these
methods is that the unknown parameters are found by maximizing (or
minimizing) some criterion or object function. The maximum likelihood
method estimates for the expected cell frequencies, m, and the parame-
ters of a log-linear model are obtained by maximization of the likelihood
function. To determine the likelihood function, it is necessary to make as-
sumptions about the sampling distribution of the observed cell counts of
a contingency table. In log-linear analysis, usually a Poisson distribution,
a multinomial, or a product-multinomial distribution is assumed (Bishop,
Fienberg and Holland, 1975:62-64; Agresti, 1990:36-39).

The Poisson sampling scheme assumes each observed cell count, ngp., to
be an independent Poisson random variable with one single parameter, the
mean Mmgpe. This sampling scheme may be used for counting events which
occur independently of each other in time or in space. The probability
density function for the observed frequency in cell (a, b, ¢) is

exp (—Mape) (Mape) e
/ (nabc ‘ mabc) = ( a C) (' a c) .
Nabe:

But, in most applications in social science, it may not be appropriate to use
a Poisson sampling scheme because under that sampling scheme, the sample
size N is assumed to be a Poisson random variable as well. This is generally
not a realistic assumption in social research since the sample size is fixed
by the sample design. However, given the total sample size N, the ngp.
no longer have a Poisson distribution but a multinomial distribution with
parameters N and mgpe, where mape (Mape/N) denotes the probability of
belonging to cell (a,b, ¢) (Bishop, Fienberg and Holland, 1975:63; Agresti,
1990:37). The multinomial probability density for the observed cells in
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table ABC is

el Mime) = () Tl

abe nabc! abc
where the indices a, b, and ¢ of || indicate that the product is over all cell
entries.

The multinomial density function can be applied when a simple random
sample is taken from a population with fixed N. However, it is also possible
to condition on the observed marginal distribution of one or more variables
included in the model instead of on the total sample size N. This may
be useful when the observed cell counts of table ABC are obtained with
a stratified sample. For example, when a simple random sample is taken
within levels of A, it may be assumed that the observed frequencies in
every stratum come from A* independent multinomial distributions with
parameters N, (= ) ;. Nabe) and myeq. This sampling scheme is called
independent multinomial sampling or product-multinomial sampling. In
this case, the probability density function for the observed frequencies in
the cells with A = a is

N,! n
f (nabc|Na;7rabc) = <'> H(ﬂ-bda) abe .

Hbc Nabc: be

Independent multinomial sampling is especially useful for models in which
a distinction is made between dependent and independent variables, such
as in logit models and multinomial response models. In such cases, inde-
pendent binomial or multinomial sampling is assumed for each of the joint
categories of the independent variables.

The three sampling schemes discussed above are very strongly related:
multinomial sampling is equivalent to Poisson sampling with fixed N, and
product-multinomial sampling is equivalent to Poisson sampling with a
marginal distribution which has been fixed by the sampling design or by
the nature of the model to be estimated. The implication of this equiva-
lence is that in maximum likelihood estimation, a likelihood function based
on Poisson sampling may also be used in cases in which multinomial or
product-multinomial sampling is assumed. However, when a Poisson likeli-
hood is used instead of a multinomial or a product-multinomial likelihood,
the log-linear effects belonging to the fixed margins have to be included in
the model. For multinomial sampling, this implies including the u term, the
grand mean, in the model. In the above example of product-multinomial
sampling with fixed margins A, u2 has to be included. Note that in such
situations u and uZ are not random but fixed quantities.
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2.3 Maximum likelihood estimation

After defining a particular log-linear model, estimates for the model param-
eters have to be obtained by means of the observed data and the assump-
tions implied by the model. Here, only maximum likelihood estimation will
be used. The likelihood function is the ‘probability’ function of the data,
i.e., the observed frequencies mqp., given the postulated sampling scheme
and the values of the (unknown) parameters. Maximum likelihood esti-
mates are those estimated parameter values that maximize the likelihood
function, or, in other words, that maximize the ‘probability’ or the likeli-
hood of occurrence of the observed data.

2.3.1 Sufficient statistic and likelihood equations

In this subsection, it is demonstrated how to obtain maximum likelihood
estimates for the expected frequencies for a specific hierarchical log-linear
model assuming a Poisson sampling scheme, which is the simplest sam-
pling scheme. Moreover, it can easily be transformed into a multinomial
or product-multinomial sampling scheme by including particular effects in
the log-linear model. Assuming Poisson distributed data, the kernel of the
log-likelihood function is

logL = Z (Nabe 10g Mape — Mape) (2.3)
abc
where the expected frequencies mgp. are a function of the unknown u pa-
rameters. The kernel of the likelihood function is that part of the likeli-
hood function that depends on the parameters to be estimated. Therefore,
it is the only part that has to be considered. Moreover, the log-likelihood
function is presented instead of the likelihood function, since for most prob-
ability functions, including the Poisson and the multinomial, it is simpler
to maximize the log-likelihood function than the likelihood function itself.
Because the log of the likelihood function is a monotone function of it, this
does not make any difference for the estimated parameters values.
Suppose we want to find maximum likelihood estimates for the param-
eters of the hierarchical log-linear model

logmape = u+ul +uf +ul +ulf +ufC. (2.4)
Substitution of Equation 2.4 into Equation 2.3 gives
logl = Zn“bc (u+ud +uf +ul +un? +ub’)

abc

—Zexp(u—i—ugl+ubB+u§+ube+ulﬁc).

abc
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By collapsing the cells which contain the same u parameter, the log-likelihood
function simplifies to

logl = nipqpu+ Z Mot yuf + Z by + Z nyyeul
+ Z nabJruab + Z n+bcubc
fZexp u+ud +uf +ul +ul +ubc), (2.5)
abc

where a + is used as a subscript to denote that the observed frequencies
have to be collapsed over the dimension concerned. It can now be seen that
the observed marginals ny4 4, Mg+, Nppt, Npte, Napt, and nipe contain
all the information needed to estimate the unknown parameters. Because
knowledge of the bivariate marginals AB and BC implies knowledge of
ny++ and of the univariate marginals A, B, and C, ngp+ and np. are the
minimal sufficient statistics for the model given in Equation 2.4. These two
marginals AB and BC' contain all the information necessary for estimating
the log-linear parameters of the model described in Equation 2.4.

In hierarchical log-linear models, the minimal sufficient statistics are
always the marginals corresponding to the interaction terms of the highest
order. For this reason, hierarchical log-linear models are mostly denoted
by their minimal sufficient statistics (Goodman, 1978; Agresti, 1990:166-
167; Hagenaars, 1990:50). The model given in Equation 2.4 may then
be denoted as {AB, BC}, the independence model as {A, B,C}, and the
saturated model as {ABC'}.

To obtain maximum likelihood estimates for the model parameters of
Equation 2.4, it is necessary to find the parameter values that maximize the
log-likelihood function of Equation 2.5. This can be accomplished by differ-
entiating the log-likelihood function with respect to the unknown parame-
ters and setting the result equal to zero. Differentiating the log-likelihood
function concerned with respect to the u parameters gives

Olog L

ou = Nyt — E Mabe = Mgt — Mjq
abce
Olog L
OuA = Nagt++ — E Mabe = Na++ — Ma++
a be
Jdlog L
B = Nqpt — E Mabe = Mqb+ — Mb4,
ou
b ac
Olog L
oul = Nyqc— E Mabe = Ngtc = Myte,
c

ab
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Jdlog L

W = Ngbt+ — § Mabe = MNab+ — Mab+ »
ab c
Odlog L
3730 = MNibe — E Mabe = Natc — Ma+c -
Upe a

Setting these derivatives to zero yields likelihood equations

Nppy = Mypq,

Nat+ = Mays,

Niby = Mypy,

Ngye = Miye,

Nab+ = mab+ ) (26)
Nibe = Mape, (2.7)

where the m’s denote estimates for the expected marginal cell count con-
cerned. It can easily be seen that if the last two conditions are fulfilled, the
other four are fulfilled as well. Therefore, Equations 2.6 and 2.7 determine
the maximum likelihood estimates for the expected frequencies mgp. and
the corresponding log-linear parameters. In other words, in the maximum
likelihood solution, the table containing the estimated expected frequen-
cies has the same marginals AB and BC' as the table with the observed
frequencies. The same holds for any other hierarchical log-linear model.
In hierarchical log-linear models, the minimal sufficient statistics are equal
to the marginals which have to be reproduced according to the specified
model.

The other two sampling schemes mentioned above lead to the same
likelihood equations because the additional conditions are automatically
fulfilled. In the case of multinomial sampling, »_ , 1as. has to be equal
to the total sample size N, or ny,. Moreover, when multinomial sam-
pling is assumed within the categories of A, >, "Mape has to be equal to
Ng++. Thus, the inclusion of mean effect u in a log-linear model makes
the estimates under a Poisson sampling scheme identical to the ones ob-
tained under a multinomial sampling scheme. Furthermore, the inclusion of
effect u?' causes Poisson sampling to be identical to independent multino-
mial sampling within categories of A (Bishop, Fienberg and Holland, 1975;
Agresti, 1990).

2.3.2 The iterative proportional fitting algorithm

For some models, there are closed form solutions for the estimated expected
frequencies Mmgpe, that is, the conditions given in the likelihood function can
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be fulfilled without using an iterative method. Actually, all log-linear model
which are decomposable graphical models have closed form solutions for the
estimated expected frequencies (Whittaker, 1990: section 10.4; Wermuth
and Lauritzen, 1983, 1990). Model {AB, BC'} is such a model because it
implies the conditional independence of A and C given B. The estimated
expected frequencies for this model are found by

Mab+ My be Nab-+T+be

mabc = Py =
Myt Nyb+

In the tradition of graphical modeling, where models have to be formulated
in terms of conditional independence, it is sometimes also written as

Mape = Nab+Pelp = Npab+pc|ba

where pap+ denotes the observed probability that A = a and B = b, and
Pepp the observed probability that €' = ¢ given B = b. The independence
model and the saturated model are other examples of models which have
closed solutions. In the saturated model, Mape = Nabe-

When no closed form expression exists for mgp., maximum likelihood
estimates for the expected cell counts can be found by means of the iterative
proportional fitting algorithm (IPF) (Deming and Stephan, 1940; Fienberg
1970; Darroch and Ratcliff (1972). This a conceptually and computation-
ally simple procedure. Its basic principle is that the marginal constraints
from the likelihood equations are satisfied by adjusting the estimated ex-
pected frequencies. Often, this has to be done iteratively because there
is no guarantee that after fulfilling one set of conditions, the previous re-
strictions are still satisfied. The iterations continue until convergence is
reached, in other words, until the estimated expected frequencies do not
change more than an arbitrary small constant. The IPF algorithm can also
be applied to models for which closed formed expressions exist. In such
cases, the algorithm converges after two iterations when the table which
is being analyzed does not consist of more than six variables (Haberman,
1974:197).

Let mfg)c denote the estimated expected frequencies after the vth IPF
iteration. Before starting the first iteration, arbitrary starting values are
needed for the log-linear parameters that are in the model. In most com-
puter programs based on the IPF algorithm, the iterations are started with
all the u parameters equal to zero, in other words, with all estimated ex-
pected frequencies Thfl%)c equal to 1. It is important to note that the mfl?c
may not implicitly contain parameters that are not included in the model.
For the model in Equation 2.4, every IPF iteration consists of the following
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two steps:
N (u)/ _ ~ (v—1) Nab+
Mape = abc (v—1)
mab+
~(v) ~ (v) M+tbe
Mape = abc (v)
+be
where the mf;}c and mf;}c denote the improved estimated expected frequen-

cies after imposing the restrictions of Equations 2.6 and 2.7, respectively.

Obtaining the log-linear parameters If there are no zero-estimated
expected frequencies, the log-linear parameters can easily be computed by
means of the estimated expected frequencies.* When ANOVA-like con-
straints are imposed on the parameters, that is, when effect coding is used
to identify the parameters, the log-linear parameters can be computed in
two different ways. One method consists of calculating the average of the
log of the estimated expected frequencies given the values of the variables
appearing in the u parameters concerned and, subsequently, subtracting
the lower other effects (Bishop, Fienberg and Holland, 1975:16-17; Hage-
naars, 1990:38). In the other method, the parameters are calculated by
means of mean removal on the logs of the estimated expected frequencies
(Laird and Olivier, 1981). The latter method is explained in more detail
in Appendix A.1. The difference between the two methods is that in the
former, the lower-order effects are removed after calculating the mean of
the log Mgpe’s, while in the latter, an effect is directly removed from the
estimated expected frequencies, or, in other words, before calculating the
next set of parameters. Of course, both methods give identical values for
the parameter estimates.?

Although the IPF algorithm is very attractive because of its simplicity
and its computational efficiency, it has two serious disadvantages. In its
simplest form, it can handle only hierarchical log-linear models and it does
not supply standard errors for the parameter estimates.

41t should be noted that if the observed table contains zero cell counts, maximum like-
lihood estimates for the log-linear parameters may not exist (Haberman, 1974; Agresti,
1990:245). Maximum likelihood estimates do not exist if there are zero counts in the
sufficient marginal cells. However, even if all sufficient statistics are positive, maximum
likelihood estimates may not exist. A well-known example occurs in the case of the no-
three-variable interaction model for a 2-by-2-by-2 table. The parameters of this model
cannot be estimated if there is more than one zero observed frequency (Santner and
Duffy, 1989).

5 Another method, which is explained in more detail in section 2.6 and in Appendix
A.2, is based on using the cumulated multipliers of the IPF iterations rather than the
estimated expected frequencies.
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2.4 Model selection

2.4.1 Testing goodness of fit

The goodness of fit of a postulated log-linear model can be assessed by
comparing the observed frequencies, n, with the estimated expected fre-
quencies, m. For this purpose, usually two chi-square statistics are used:
the likelihood-ratio statistic and the Pearson statistic. For a three-way
table, the Pearson chi-square statistic equals

~ 2
2 (nabc_mabc)
X7 = E —_—,
abe Mabe

and the likelihood-ratio chi-square statistic is

2 _ Nabe
L? = 2 Znabclog (mab) . (2.8)

abce

The number of degrees of freedom for a particular model is
df = number of cells — number of independent u parameters.

When structural zeros occur in the estimated expected frequencies or when
some parameters cannot be estimated as a result of zeros in the sufficient
statistics, the calculation of the number of degrees of freedom is a bit more
complicated (Clogg and Eliason, 1987). In such cases, df can be obtained
by

df = number of non-zero fitted cells

— number of estimable u parameters.

Both chi-square statistics have asymptotic, or large sample, chi-square dis-
tributions when the postulated model is true. In the case of small sample
sizes and sparse tables, the chi-square approximation will generally be poor
(Read and Cressie, 1988; Agresti, 1990:246). Koehler and Larntz (1980)
and Koehler (1986) showed that X? is valid with smaller sample sizes and
sparser tables than L?. They showed that the distribution of L? is usually
poor when the sample size divided by the number of cells is less than 5
(Agresti, 1990:246). Therefore, when sparse tables are analyzed, it is best
to use both chi-square statistics together. When X2 and L? have almost
the same value, it is more likely that both chi-square approximations are
good. Otherwise, at least one of the two approximations is poor. Haberman
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(1978: section 5.3) showed that when tables are sparse, both chi-square ap-
proximations are not only poor, but they also have different distributions.®
Recently, Read and Cressie (1988) introduced a family of statistics,

( Nabe )A ‘|

~ -1 )

Mabe

called power divergence statistics. This is equal to X2 for A = 1 and L? as
A — 0. Read and Cressie recommended the statistic with A = 2/3, which
they found less susceptible to effects of sparseness than X2 and L? (Agresti,
1990:249). A simulation study of Collins et al. (1993) showed, however,

that in the context of latent class analysis X2 performs better than both
the Read-Cressie and the L? statistic.

2
O 2

2.4.2 Comparison of models

The likelihood-ratio chi-square statistic is actually a conditional test for
the significance of the difference in the value of the log-likelihood function
for two nested models. Two models are nested when the restricted model
has to be obtained by only linearly restricting some parameters of the un-
restricted model. Thus, the likelihood-ratio statistic can be used to test
the significance of the additional free parameters in the unrestricted model,
given that the unrestricted model is true in the population. Assuming
multinomial sampling, L? can be written more generally as

L%Tlu) = (_2 log E(T)) - (_2 log [’(“))

= 2ngpelog ';rabc(u) — 2ngpe log 'frabc(r)

ma c(u
2nabc lOg <ﬁll;((;> )
abe(r

where the subscript (u) refers to the unrestricted model and the subscript
(r) to the restricted model. Note that in Equation 2.8, a particular model
is tested against the completely unrestricted model, the saturated model.
Therefore, in Equation 2.8, the estimated expected frequency in the numer-
ator is the observed frequency ngp.. The L%’r‘|u) statistic has a large sample
chi-square distribution if the restricted model is approximately true. The
approximation of the chi-square distribution may be good for conditional

6 An alternative approach is based estimating the sampling distributions of the statis-
tics concerned rather than using their asymtotic distributions. This can be done by
bootstrap methods (Langeheine, Pannekoek, and Van de Pol, 1996). These computa-
tionally intensive methods are becoming more and more applicable as computers become
faster.
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L? tests between non-saturated models even if the test against the satu-
rated model is problematic, as in sparse tables (Haberman, 1977, 1978:325).
The number of degrees of freedom in conditional tests equals the number
of parameters which are fixed in the restricted model compared to the

unrestricted model. The L%r‘u) statistic can also be computed from the

unconditional L? values of two nested models,
2 72 2
Liwy = Ly = Liw
with

dfrpwy = dfey = df ) -

Another approach to model selection is based on information theory.” The
aim is not to detect the true model but the model that provides the most
information about the real world. The best known information criteria are
the Akaike information criterion (AIC) (Akaike, 1987) and the Bayesian
information criterion (BIC) (Schwarz, 1978; Raftery, 1986, 1993). These
two measures, which can be used to compare both nested and non-nested
models, are defined as

AIC
BIC

—2 log L + 2npar, (2.9)
—2 log L + (log N) npar, (2.10)

where npar denotes the number of unknown parameters. The lower the
AIC or BIC, the better a particular model, or the more information it
contains. It can be seen that the two information criteria give a different
weight to the parsimony of a model. In the context of log-linear modeling,
they are most often calculated as

AIC* = L*-2df.
BIC* = L?>—logNdf.

These are, in fact, conditional information indices which compare the model
of interest with the saturated model. For example, AIC* can also be ob-
tained by subtracting the value of AIC for the saturated model, —2 ngpc log(nape/N )+
2(number of cells), from the value of AIC for the model concerned.

For more extended overviews on model testing and model selection in
log-linear analysis, see Read and Cressie (1988), Agresti (1990: Chapter 7),
and Hagenaars (1990:56-68).

7An interesting approach which is not discussed here are R-squared measures for
categorical data based on different types of definitions of dispersion (Magidson, 1981;
Gilula and Haberman, 1994).
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2.5 Non-hierarchical log-linear models

So far, attention has been paid to only one special type of log-linear models,
the hierarchical log-linear models. As demonstrated, hierarchical log-linear
models are based on one particular type of restriction on the log-linear
parameters. But, when the goal is to construct models which are as parsi-
monious as possible, the use of hierarchical log-linear models is not always
appropriate. To be able to impose other kinds of linear restrictions on the
parameters, it is necessary to use more general kinds of log-linear models.

As demonstrated in Appendix B, log-linear models can also be defined
in a much more general way by viewing them as a special case of the gen-
eralized linear models (GLM) (Nelder and Wedderburn, 1972; McCullagh
and Nelder, 1983: Chapter 6, 1989). In its most general form, a log-linear
model can be defined as

logmi = Zﬁjxij s (211)
J

where 7 denotes a cell entry, 8; is a particular u term, and z;; is an element
of the design matrix.

The design matrix provides us with a very flexible tool for specifying
log-linear models with various restrictions on the parameters. Detailed
discussions on the use of design matrices in log-linear analysis can be found
in, for instance, Evers and Namboodiri (1977), Haberman (1978, 1979),
and Rindskopf (1990).

2.5.1 Possible specifications of the design matrix

Suppose we want to specify the design matrix for an hierarchical log-linear
model of the form {AB, BC}. Assume that A*, B*, and C*, the number of
categories of A, B, and C, are equal to 3, 3, and 4, respectively. Because in
that case model {AB, BC} has 18 independent parameters to be estimated,
the design matrix will consist of 18 columns: 1 column for the mean effect
u, 7 ([A* = 1] + [B* — 1] +[C* — 1]) columns for the one-variable terms uZ,
uP, and u¢, and 10 ([A* — 1] % [B* — 1]+ [B* — 1] * [C* — 1]) columns for the
two-variable interaction terms ube and uﬁc. The exact values of the cells
of the design matrix, the x;;, depend on the restrictions which are imposed
to identify the parameters. Suppose, for instance, that column j refers
to the one-variable term u” and that the highest level of A, A* is used
as the (arbitrary) reference category. In effect coding, the element of the
design matrix corresponding to the ith cell, z;;, will equal 1 if A = a, -1 if
A = A*, and otherwise 0. On the other hand, in dummy coding, x;; would
be 1 if A = a, and otherwise 0. The columns of the design matrix referring
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to the two-variable interaction terms can be obtained by multiplying the
columns for the one-variable terms for the variables concerned (Evers and
Namboodiri, 1977; Haberman, 1978).

The design matrix can also be used to specify all kinds of non-hier-
archical models. Actually, by means of the design matrix, three kinds of
linear restrictions can be imposed on the log-linear parameters: a parameter
can be fixed to zero, a parameter can be specified to be equal to another
parameter, and a parameter can be specified to be in a fixed ratio to another
parameter.

The first kind of restriction, fixzing a parameter to zero, can be accom-
plished by simply deleting the column of the design matrix referring to the
effect concerned. Note that, in contrast to hierarchical log-linear models,
parameters can be fixed to be equal to zero without the necessity of deleting
the higher-order effects containing the same indices.

Imposing equality restrictions among parameters is likewise very simple.
Equality restrictions can be imposed by adding up the columns of the design
matrix which belong to the effects which are assumed to be equal. Suppose,
for instance, that we want to specify a model with a symmetric association
between the variables A and B, each having three categories. This implies
that

AB  __ AB
Ugb = Upg -

When using effect coding, the design matrix for the unrestricted effect u/}”
contains four columns, one for each of the parameters u{\?, ut?, us'?,
usy?. In terms of these four parameters, the symmetric association between
A and B implies that uf? is assumed to be equal to u4;®. This can be
accomplished by summing the columns of the design matrix referring to
these two effects.®

As already mentioned above, parameters can also be restricted to be
in a fized ratio to each other. This is especially useful when the variables
concerned can be assumed to be measured on a interval level scale, with
known scores for the different categories. Suppose, for instance, that we
want to restrict the one-variable effect of variable A to be linear. Assume
that the categories scores of A, denoted by a, are equidistant, that is, that
they take values 1, 2, and 3. Retaining the effect coding scheme, a linear

8Log-linear models with symmetric interaction terms may be used for various pur-
poses. In longitudinal research, they may be applied to test the assumption of marginal
homogeneity (Agresti, 1990:387-388; Hagenaars, 1990:156-162). Other applications of
log-linear models with symmetric association parameters are Rasch models for dichoto-
mous (Mellenbergh and Vijn, 1981; Kelderman, 1984) and polytomous items (Agresti,
1993) and for repeated categorical measurements (Conaway, 1989).
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effect of A is obtained by

Here, a denotes the mean of the category scores of A, which in this case is
2. Moreover, u denotes the single parameter describing the one-variable
term for A. It can be seen that the distance between the uZ parameters
of adjacent categories of A is u. In terms of the design matrix, such a
specification implies that instead of including A* — 1 columns for the one-
variable term for A, one column with scores (a — @) has to be included.

These kinds of linear constraints can also be imposed on the bivariate
interaction parameters of a log-linear model. The best known examples are
linear-by-linear interaction terms (Haberman, 1979: Chapter 6) and row-
or column-effect models (Goodman, 1979, 1984; Clogg, 1982; Clogg and
Shihadeh, 1994). When specifying a linear-by-linear interaction term, it
is assumed that the scores of the categories of both variables are known.
Assuming equidistant scores for the categories of the variables A and B and
retaining the effect coding scheme, the linear-by-linear interaction between
A and B is given by

udB = (a—a)b—Dbut?.

Using this specification, which is sometimes also called uniform association,
the (partial) association between A and B is described by a single parameter
instead of using (A* —1)(B* —1) independent u/4P parameters. As a result,
the design matrix contains only one column for the interaction between A
and B consisting of the scores (a — a@)(b — b).

A row association structure is obtained by assuming the column variable
to be linear. When A is the row variable, a row association is defined as

Uf;‘bB = (b—E)UfB-

Note that for every value of A, there is a uA® parameter. Actually, there
are (A* —1) independent row parameters. Therefore, the design matrix will
contain (A* —1) columns which are based on the scores (b—b). The column
association model is, in fact, identical to the row association model, only
the roles of the column and row variable change.

2.5.2 Estimation

Finding maximum likelihood estimates for the parameters of non-hierarchi-
cal log-linear models is a bit more complicated than for the hierarchical
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log-linear model because the sufficient statistics are no longer equal to par-
ticular observed marginals. For GLMs, ML estimates for the model pa-
rameters may be obtained with Fisher’s scoring algorithm (McCullagh and
Nelder, 1983:31-34, 1989). If, as in the application used here, a canonical
link is used, the scoring algorithm is equivalent to the Newton-Raphson al-
gorithm (Agresti, 1990:114). The Newton-Raphson algorithm for obtaining
maximum likelihood estimates for the parameters of the general log-linear
model given in Equation 2.11 is explained in Appendix C.1.

The Newton-Raphson algorithm, which is implemented in, among oth-
ers, the GLIM program and Haberman’s FREQ program, has two strong
points: it converges in a few iterations and it supplies standard deviations
of the parameters as a by-product. However, when a model contains many
parameters, the necessary computation and inversion of the Hessian ma-
trix, the matrix of second-order derivatives to all parameters, is very time
consuming. Another weak point of the Newton-Raphson algorithm is that
it may become unstable when some estimated expected cell counts come in
the neighborhood of zero as a result of the fact that a particular log-linear
parameter goes to minus infinity.

An alternative to the Newton-Raphson algorithm is the uni-dimensional
Newton algorithm. It differs from the multi-dimensional Newton algorithm
in that it adjusts only one parameter at a time instead of adjusting them
all simultaneously. In that sense, it resembles IPF. Instead of using the
complete Hessian matrix, the uni-dimensional Newton algorithm uses only
the diagonal element belonging to the parameter to be updated (Andersen,
1990; Jensen, Johansen and Lauritzen, 1991).

Goodman (1979) presented a slightly different version of the uni-dimensional
Newton algorithm, which he used to estimate the uniform association mod-
els and the row and column association models discussed above (see also
Clogg 1982). Goodman’s algorithm, which is discussed in more detail in
Appendix D.1, is also implemented in the £EM program (Vermunt, 1993).
There it is used to estimate any log-linear model of the general form of
Equation 2.11. Experience with the Uem program shows that Goodman’s
algorithm is very stable, even when ‘bad’ starting values are used, such as
starting values of zero for all 8 parameters.

Generally, the uni-dimensional Newton algorithm needs more iterations
to converge than the Newton-Raphson algorithm. But the difference in
number of iterations depends greatly on the magnitude of the correlations
among the parameters because that is the information which is disregarded
by the uni-dimensional Newton algorithm. Experience with CEM shows
that when the parameters are not too highly correlated, approximately
two or three times as many iterations are needed by the uni-dimensional
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Newton algorithm. But, when the correlations within a particular set of
parameters are high, many more iterations may be needed. Because the uni-
dimensional Newton algorithm does not require computation and inversion
of the complete Hessian matrix, each iteration costs very little computer
time, even with many parameters.

In Appendix D.1, it is demonstrated that IPF is a special case of Good-
man’s version of the uni-dimensional Newton algorithm. Goodman’s uni-
dimensional Newton algorithm can be seen as a generalization of the IPF
algorithm discussed in the context of hierarchical log-linear models. There
is also another generalization of IPF, namely, the well known generalized
iterative scaling algorithm developed by Darroch and Ratcliff (1972). How-
ever, the uni-dimensional Newton algorithm is much more flexible in that
it does not force the values of the design matrix to be greater than or equal
to zero. Moreover, for most problems, the uni-dimensional Newton algo-
rithm converges in far fewer iterations than the generalized iterative scaling
algorithm (Goodman, 1979).

2.6 Log-rate models or log-linear models with
a weight vector

The general log-linear model discussed in the previous section can be ex-
tended to include an additional component, viz., a weight for each m;
denoted by z; (Haberman, 1978:43-61; Laird and Olivier, 1981). These
weights can be used to specify log-rate models, to perform a weighted anal-
ysis, to fix log-linear parameters to a particular value, and to analyze in-
complete tables.

The log-linear model with a weight vector is given by

s
g () = s
Zg J
which can also written as

logm; = logz; + Z Bixij
J

where the z; are fixed a priori. Sometimes the vector with elements log z;
is also called the offset matrix.

The specification of a z; for every cell of the contingency table can be
used for many different purposes. One possible use of a weight vector is for
specifying Poisson regression models for the number of events m; in which
one takes into account the population sizes or the length of the observation
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period. This leads to what is called a log-rate model, a model for rates
instead of frequency counts (Haberman, 1978; Willekens and Shah, 1983;
Clogg and Eliason, 1987). A rate is a count divided by some quantity, gen-
erally the size of the population exposed to some risk (Fleiss, 1981). As will
be demonstrated in Chapter 4, log-rate models are equivalent to piecewise
exponential survival models (Holford, 1976, 1980; Laird and Olivier, 1981).

The weight vector can also be used to correct for the sample design or
for selection resulting from nonresponse (Clogg and Eliason, 1987, Agresti,
1990:198). In that case, the z; must be set equal to the inverse of the
sampling weights. The offset matrix may also be used to incorporate fixed
effects in a log-linear model. This can be accomplished by adding the
values of the [ parameters which attain fixed values to the corresponding
log z;’s. Lastly, the vector with weights may be used to analyze tables with
structural zeros, sometimes also called incomplete tables (Fienberg, 1972;
Haberman, 1979: Chapter 7). This can be accomplished by setting the z;’s
for the cells which are structurally zero equal to zero.

Estimation Log-linear models with a weight vector can be estimated
with the same estimation procedures used for the other log-linear models
discussed so far. The GLIM program and Haberman’s FREQ program,
which are both based on the Newton-Raphson algorithm, allow the user to
specify an offset matrix, or a weight vector. When using the IPF algorithm
or the uni-dimensional Newton algorithm, the only necessary modification
is that z; must be used as the starting value for the estimated expected fre-
quencies instead of starting with all mgo) equal to one. It should be noted
that when using IPF, the log-linear parameters can no longer be calculated
by means of the estimated expected frequencies, but rather they must be
calculated by means of m;/z;. However, when particular z; are equal to
zero, an alternative procedure implemented in, for instance, the LOGLIN
program (Olivier and Neff, 1976) and the {EM program (Vermunt, 1993)
has to be used. This procedure which is based on using cumulated multipli-
ers rather than estimated expected cell frequencies is discussed in Appendix
A2.

2.7 Models with log-multiplicative effects

Goodman’s row-column associations II The log-linear model is one
of the GLMs, that is, it is a linear model for the logs of the cell counts
in a frequency table. However, extensions of the standard log-linear model
have been proposed which imply the inclusion of non-linear terms, the best
known example being the log-multiplicative row-column association models,
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also denoted as RC association models type II, developed by Goodman
(1979, 1984) and Clogg (1982) (see also Clogg and Shihadeh, 1994). These
row-column association models differ from the association models discussed
in section 2.5 in that the row and column scores are not a priori fixed,
but are treated as unknown parameters which have to be estimated as
well. More precisely, a linear-by-linear interaction is assumed between two
variables, given the unknown column and row scores.

Suppose we have a model for a three-way frequency table ABC contain-
ing log-multiplicative terms for the relationships between A and B and B
and C'. This gives the following log-multiplicative model:

log mape = u+uf +uy +ud + pg PPt + P P ple . (2.12)

The ¢ parameters describe the strength of the association between the
variables concerned. The p’s are the unknown scores for the categories
of the variables concerned. As in standard log-linear models, identifying
restrictions have to be imposed on the parameters u. One possible set of
identifying restrictions on the log-multiplicative parameters which was also
used by Goodman (1979) is:

Dol = 3ou? = Dupe = 3wl =0
ST = i) = Y ) = Y () = 1.

a b b c
This gives row and column scores with a mean of zero and a sum of squares
of one. More recently, alternative identifying restrictions have been pro-
posed in which the p’s are weighted, for instance, by the observed margins
(Becker and Clogg, 1989; Goodman, 1991).

On the basis of the model described in Equation 2.12, both more re-
stricted models and less restricted models can be obtained. One possible
restriction is to assume the row and column scores within a particular par-
tial association to be equal, for instance, p2f equal /1;743 for all a equal to
b (Goodman, 1979). Of course, this presupposes that the number of rows
equals the number of columns. Such a restriction is often used in the anal-
ysis of mobility tables (Luijkx, 1994). It is also possible to assume that the
scores for a particular variable are equal for different partial associations
(Clogg, 1982), for example, ug‘B = ufc. Less restricted models may allow
for different p and/or ¢ parameters within the levels of some other variable
(Clogg, 1982), for example, different values of uA8, u#B, or A8 within
levels of C. To test whether the strength of the association between the
variables father’s occupation and son’s occupation changes linearly with
time, Luijkx (1994) specified models in which the ¢ parameters are a linear
function of time (see also Wong, 1995).
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A general class of log-multiplicative effects As mentioned above,
the RC association models assume a linear-by-linear interaction in which
the row and column scores are unknown. Xie (1992) demonstrated that
the basic principle behind Goodman’s RC association models, i.e., linearly
restricting log-linear parameters with unknown scores for the linear terms,
can be applied to any kind of log-linear parameter. He proposed a general
class of log-multiplicative models in which higher-order interaction terms
can be specified in a parsimonious way.” An example of such a model is
logmgpe = u+ uf + uf + ug + ubeqbe + uaACC + ulic .

This model contains, apart from the one and two-variable interaction pa-
rameters for A, B, and C, a three-variable interaction term defined by
the multiplicative factor ¢2'®. As can be seen, this three-variable interac-
tion term has a very specific form. Actually, the interaction term uAP is
assumed to be equal among levels of C, except for a multiplicative scal-
ing factor. In other words, the structure of the partial association AB is
equal among levels of C, but the strength of the partial association AB
differs among levels of C. This leads, of course, to a very parsimonious
specification of higher-order interaction terms. In this case, only C* — 1
instead of (A* — 1)(B* — 1)(C* — 1) additional parameters are used for the
three-variable interaction term.

For the sake of simplicity, the interaction term ube was not restricted.
However, using Xie’s approach, it is possible to restrict ug‘bB as well. Xie
(1992) gave examples of a symmetric association, a linear-by-linear asso-
ciation, and different kinds of row and column associations. In its most
general form, the log-multiplicative model proposed by Xie can be written
as

logmi = Y| Biwij | otk
k Jk

where k is the index for the multiplicative terms and ji is the index for
an effect belonging to the kth multiplicative term. Of course, by setting

9 Another type of generalization of the log-multiplicative models discussed above in-
volves describing the (partial) association between two categorical variables by means of
several sets of row and column scores (Goodman, 1986; Becker, 1989; Becker and Clogg,
1989; Clogg and Shihadeh, 1994: Chapter 5). These models are called RC(M) models,
where the M refers to the dimensionality of the model, that is, to the number of sets of
row and column scores that is used. RC(M) modeling is strongly related to correspon-
dence analysis (Goodman, 1986, 1991; Gilula and Haberman, 1988; Van der Heijden, De
Falguerolles, and De Leeuw, 1989) and other types of optimal scaling techniques (Van
de Geer, 1993).
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¢ equal to one and also all z;; equal to one, one can specify standard
log-linear terms.

Estimation Both the log-multiplicative association models proposed by
Goodman (1979) and Clogg (1982) and the log-multiplicative models pro-

posed by Xie can be estimated by means of the Cem program (Vermunt,
1993), in which the version of the uni-dimensional Newton algorithm pro-
posed by Goodman (1979) for estimating log-multiplicative models is imple-
mented (see Appendix D.2). As explained in section 2.5, in this procedure,
only one parameter is adjusted at a time, treating the other parameters as
fixed.

Of course, log-multiplicative models can also be estimated by means
of the Newton-Raphson algorithm. In that case, the complete matrix of
second partial derivatives has to be computed and inverted every itera-
tion. However, because of the strong dependencies among the parameters
appearing in the same interaction term, the Newton-Raphson algorithm
may have difficulties converging. This is a well known phenomenon when
applying Newton-Raphson to solve non-linear equations. Recently, Haber-
man (1995) proposed a stabilized Newton-Raphson algorithm for obtaining
maximum likelihood estimates in association models which overcomes these
convergence problems.

It must be noted that, in contrast to standard log-linear models, the
likelihood function for log-multiplicative models often contains local max-
ima. It is therefore advisable to estimate each model using different sets
of starting values. When different sets of starting values yield the same
parameter estimates, one can be more certain that the global maximum
likelihood solution has been found.

2.8 Logit models and multinomial response
models

In the log-linear models discussed so far, the relationships between the cat-
egorical variables are modelled without making a priori assumptions about
their ‘causal’ ordering: no distinction is made between dependent and inde-
pendent variables. However, one is often interested in predicting the value
of a categorical response variable by means of explanatory variables. The
logit model is such a ‘regression analytic’ model for a categorical depen-
dent variable. In the standard logit model, a binary dependent variable is
related to a set of categorical regressor variables (Goodman, 1972). When
the response variable has more than 2 categories, the model is called a
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multinomial logit model or multinomial response model (Haberman, 1979:
Chapter 6; Agresti, 1990: Chapter 9).

Suppose we have a response variable denoted by C and two categorical
explanatory variables denoted by A and B. Moreover, assume that both A
and B influence C, but that their effect is equal within levels of the other
variable. In other words, it is assumed that there is no interaction between
A and B with respect to their effect on C. This gives the following logistic
model for the conditional probability of C given A and B, 7.|q:

exp (ug + ufcc + ubBCC)
eexp (uf +ugl +uff)

Telab (213)

When the response variable C' is dichotomous, the logit can also be written

as
log T1|ab o IOg T1lab
1- T1|ab T2|ab
c C AC AC BC BC

= (uy —ug)+ (ugy —ugy' )+ (up — upy )
w—i—wf—f—wf.

It should be noted that the logistic form of the model guarantees that the
probabilities remain in the admissible interval between 0 and 1. Alter-
native transformations of 7|4, which also fulfill this requisite lead to the
probit model and the complementary log-log model (McCullagh and Nelder,
1983:75-77, 1989; Willekens, 1994:25-32).10

The logit model written as a log-linear model It has been shown
that the logit model given in Equation 2.13 is equivalent to a log-linear
model which includes the same u terms as the logit model concerned but
also an effect that fixes the marginal distribution of the independent vari-
ables (Goodman, 1972, Haberman, 1978, Fienberg, 1980, Agresti, 1990:152-
153). More precisely, it can be shown that the likelihood equations based
on independent multinomial sampling are equivalent to the likelihood equa-
tions based on a Poisson model, given that condition

D Mabe = Y Nabe (2.14)

is fulfilled. The proof that the product-multinomial likelihood is equivalent
to the Poisson likelihood can be found in Appendix E.1.

101n the probit model, the conditional probabilities are transformed using the cumula-
tive normal distribution, while in the complementary log-log model, the transformation
of 1|4 would be log(—log(1 — 7y |qp))-
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Including the same parameters as those in the logit model given in
Equation 2.13 and ensuring that the condition given in Equation 2.14 is
fulfilled leads to the following log-linear model

AB c AC BC
logmape = aby +ug +uhy + U, s (2.15)
where
o’ = utug tuy gy

In other words, the logit model of Equation 2.13 is equivalent to log-linear
model {AB, AC, BC} for the frequency table with observed counts ngpe.
Note that when using this formulation of a logit model, it does not matter
whether the response variables is dichotomous or not. If the response vari-
ables are polytomous, a log-linear or logit model of the form given in Equa-
tion 2.15 is sometimes also called a multinomial response model (Haber-
man, 1979: Chapter 6; Agresti, 1990: Chapter 9). According to Haberman
(1979), in its most general form, the multinomial response model may be
written as

logmin = ox+ Y BiTijk, (2.16)
J

where k is used as the index for the joint distribution of the independent
variables and 7 as an index for the response variable.

Estimation The parameters of the multinomial response model can be
estimated using the same algorithms used for the log-linear models dis-
cussed in the previous sections, i.e., IPF, Newton-Raphson, and uni-dimensional
Newton. However, Haberman (1979) proposed a more efficient version of
the Newton-Raphson algorithm for estimating multinomial response mod-
els. This is necessary because the number of aj can become very large. In
fact, Haberman’s procedure uses a Newton-Raphson cycle to update the
B; parameters, followed by an IPF-like cycle to update the aj, parameters.
The Newton-Raphson algorithm for multinomial response models which is
implemented in, among others, Haberman’s FREQ program and in SPSS
can be found in Appendix C.2.

Logistic regression Up to now, the independent variables used in the
logit model were assumed to be categorical. However, it is not a problem to
generalize the logit model to also allow for continuous regressors. A model
of the form given in Equation 2.13 containing continuous regressors gives
the well known logistic regression model. But also Haberman’s multinomial



34 CHAPTER 2. LOG-LINEAR ANALYSIS

response model given in Equation 2.16 is equivalent to a multinomial logistic
regression model (McFadden, 1974; Agresti, 1990:313), i.e.,

Te = eXp(Zj Bjmijk) . (2.17)
i €Xp (Z]‘ /?'jffijk)

The index k now denotes a particular observation instead of a cell in the
marginal distribution of the independent variables. So, a particular x;j
contains the value of observation k on the independent variable j for re-
sponse category i. Note that when k is an individual observation, the ex-
pected frequency m; appearing in Equation 2.16 is actually the probability
that observation k gives response 7, where the ay, parameters guarantee that
the estimated response probabilities add up to one for every observation.
The equivalence between logistic regression analysis and logit analysis
implies that programs for log-linear analysis which allow specification of a
design matrix can also be used to estimate logistic regression models. It
must, however, be noted that in that case the statistics L? and X? are not
appropriate for testing fit of models. But, conditional likelihood ratio tests
to compare models can still be performed (Haberman, 1974; Agresti, 1990).

2.9 Causal log-linear models

2.9.1 Goodman’s modified path models

In the previous section, a ‘regression analytic’ extension of log-linear anal-
ysis, i.e., the logit model, was discussed. This section presents a ‘path-
analytic’ extension of the logit model which was proposed by Goodman
(1973). He proposed a log-linear model which takes a priori information
on the causal ordering of the variables into account. The model, which he
called a modified path analysis approach, consists of specifying a series of
logit models for different marginal tables. As will be demonstrated below,
this model has some similarities with chain independence graphical models
for categorical data (Wermuth and Lauritzen, 1983, 1990).

Specifying a causal order Suppose we want to investigate the causal
relationships between six categorical variables denoted by A, B, C, D, E,
and F. Figure 2.1 shows the assumed causal ordering of these variables,
and the assumed relationships between these variables, where a pointed
arrow indicates that variables are directly related to each other, and a
‘knot’ that there is a higher order interaction. The variables A, B, and
C are exogenous variables. This means that neither their mutual causal
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order nor their mutual relationships are specified. The other variables are
endogenous variables, where E is assumed to be posterior to D, and F is
assumed to be posterior to E. From Figure 2.1, it can be seen that D is
assumed to depend on A and on the interaction of B and C. Moreover, F
is assumed to depend on A, B, and D, and F on B, C, D, and F.

Let Tapcdey denote the probability that A = a, B =0, C =¢, D = d,
E =e, and F = f. the information on the causal ordering of the variables
is used to decompose this joint probability into a product of marginal and
conditional probabilities (Goodman, 1973, Wermuth and Lauritzen, 1983).
In this case, Tapedes can also be written as

Tabedef = Tabc Td|abe Te|abed T f|abede (218)

This is a straightforward way to indicate that the value on a particular vari-
able can only depend on the preceding variables and not on the posterior
ones. For instance, F is assumed to depend only on the preceding variables
A, B, C, and D, but not on the posterior variable F'. Therefore, the prob-
ability that F = e depends only on the values of A, B, C', and D, and not
on the value of F'. Note that this representation can only be used to specify
recursive models. Recently, Mare and Winship (1991) presented a possible
approach to non-recursive models for categorical data which requires the
use of the latent variables techniques discussed in the next chapter.
Decomposing the joint probability mapcdes into a set of marginal and
conditional probabilities is only the first step in describing the causal re-
lationships between the variables under study. Generally, the aim of an
analysis is to reduce the number of parameters in some way, while the
right-hand side of Equation (2.18) contains as many unknown (conditional)
probabilities as observed cell frequencies. In other words, the model given
in Equation 2.18 is a saturated model in which it is assumed that a par-
ticular dependent variable depends on all its posterior variables, including
all the higher-order interaction terms. Generally, one is interested in more
parsimonious specifications of the conditional probabilities in which it is
possible to specify which variables influence each other and which do not.

Simple restrictions on probabilities The simplest way to specify more
parsimonious models is to restrict directly the conditional probabilities ap-
pearing in Equation 2.18. Suppose that, as depicted in Figure 2.1, E de-
pends on A, B, and D, but not on C. Because in that case Tejabed = Te|abds
in Equation 2.18, m¢|qpcq can be replaced by m¢jqpq- These kinds of restric-
tions are also applied in, for instance, discrete-time Markov models (Bishop,
Fienberg and Holland, 1975: Chapter 7; Van de Pol and Langeheine, 1990).
On the basis of the relationships depicted in Figure 2.1, a more restricted
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version of the general Equation 2.18 would be

Tabedef =  Tabc Td|abe Telabd T f|bede + (219)

However, as is shown below, this model is still not completely in agreement
with Figure 2.1.

The above-mentioned method of restricting the general model given in
Equation 2.18 is similar to the formulation of so-called chain independence
graphical models or block recursive graphical models (Whittaker, 1990: sec-
tion 3.6; Wermuth and Lauritzen, 1983, 1990). In a chain independence
graph, the variables are grouped in blocks which can be completely or-
dered. The relationships between variables within one block are assumed
to be symmetric, while the relationships between variables belonging to
different blocks are assumed to be asymmetric. This is depicted graphi-
cally by undirected and direct edges (arrows), respectively. Like any other
graphical model, a chain independence graphical model must be completely
formulated in terms of conditional independence.

The restrictions which are imposed on conditional probabilities in Equa-
tion 2.19 are in agreement with the conditional independence rules of chain
independence graphical models. For instance, F is assumed to be indepen-
dent of C given A, B, and D, whereas the effects of A, B, and D on E are
not restricted.

Specifying more restricted models by means of the procedure applied in
Equation 2.19 has, however, one important disadvantage. The dependent
variable must always be related to the joint independent variable. The
variable F, for instance, depends on the joint variable ABD, that is, the
variable which is obtained by combining the levels of A of B and D. There-
fore, for every combination of A, B, and D, a separate parameter is included
to describe the probability that E = e. Thus, when a particular variable is
thought to influence the dependent variable concerned, all higher-order in-
teractions with the other independent variables are automatically included
in the model as well.

Logit parameterization Goodman’s modified path analysis approach
consists of using a log-linear or logit parameterization of the marginal and
conditional probabilities appearing in Equation 2.18 rather than using the
simple restrictions described above (Goodman, 1973). Since in these logit
models it is possible to exclude certain higher-order interactions, such an
approach leads to more parsimonious causal models for categorical data.'!

11 An alternative approach proposed by Arminger (1996) is based on using probit rather
than logit models for the endogenous variables in the path model.
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While only simple hierarchical log-linear models will be here used, the re-
sults presented apply to other kinds of log-linear models as well, including
the log-multiplicative models discussed in section 2.7.

A system of logit models consistent with the path model depicted in
Figure 2.1 leads to the following parameterization of the conditional prob-
abilities appearing in Equation 2.18:

oxp (ug +up +uf +ug® + ug + up® +ug i)

Tabe =
A B C AB AC BC ABC\
Zabc exp (ua + ub + U + uab + Uge + ubc + uabc )
D AD BD CD BCD
Taabe = exp (u +ufl +up +ull +upg”)
abc D AD BD CD BCD) ’
Saexp (uf +ufy +ubP +ulP +uflP)
E AE BE DE
o exXp (ue Tt Uge t Upe + Uge )
elabed )
E AE BE DE
Ze exp (ue + Uge + Upe + Uge )
F BF CF DF EF
exp (uf +—ubf + ug 4fudf 4—uef )
T flabede =

> f €xp (u? —|—u{73fF—|—uchF—|—u£cF—|—uch>

It can be seen that the model for the marginal distribution of the exoge-
nous variables A, B, and C is a saturated model since it contains all the
interaction terms among A, B, and C. It would also have been possible
to specify a non-saturated model for relationships between the exogenous
variables. In the next three equations, D, F, and F appear as dependent
variables, respectively. Variable D depends on A, B, and C, and there is
a three-variable interaction between B, C, and D. Moreover, E' depends
on A, B, and D, but there are no higher-order interactions between E and
the independent variables. And finally, F’ depends on B, C, D, and E.
It is clear that this recursive system of logit equations contains far fewer
parameters than the restricted model given in Equation 2.19.

Since specifying a logit model for conditional probabilities is equiva-
lent to specifying a log-linear model for a frequency table in which the
marginal distribution of the independent variables is treated as fixed, the
logit equations given above can also be written as log-linear models. For in-
stance, the logit model for 7. |qpcq is equivalent to the log-linear logit model
{ABCD, AE,BE,DE} for (marginal) frequency table ABCDE, or

ABCD E AE BE DE
IOg Mabcde = Agped T U+ Uge T Upe T Uge

where mgpeqe denotes an expected frequency in marginal table ABCDE.
Moreover, aABED denotes the effect which fixes the marginal distribution
of the dependent variables.

Thus, specifying a causal log-linear model for a set of categorical vari-

ables can be simply accomplished by specifying separate log-linear models
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for different marginal tables or subtables. The marginal tables are formed
by the variables used in the previous marginal table and the variable which
appears as the dependent variable. In this case, log-linear or logit models
have to be specified for tables ABC, ABCD, ABCDE, and ABCDEF.
Goodman (1973) showed how to specify separate log-linear models for dif-
ferent marginal tables (see also Hagenaars, 1990:75-82). He subsequently
showed how to obtain the overall expected frequencies with an equation
similar to Equation 2.18. Note that the probabilities in Equation 2.18 can
easily be obtained by means of the expected frequencies. For instance,

Mabcde
Ze Mabede

A remark has to be made with respect to marginal tables for which the
logit models or the equivalent log-linear models have to be specified given
the assumed causal order among the variables. Suppose that, contrary to
what is depicted in Figure 2.1, the variables E and F' are assumed to be
independent of one another given a person’s scores on the posterior variables
A, B, C, and D. In other words, it is assumed that there is no direct effect
of F on F. In that case, the modified path model described above may also
be specified in a slightly different manner, that is, it is possible to combine
the logit models for D and FE into a single modified path step with two
dependent variables. This follows from the collapsibility theorem (Bishop,
Fienberg, and Holland, 1975:47, Agresti, 1990:151-152) which states that
if two variables are assumed to be conditionally independent, the sizes of
their relationships with the remaining variables may be estimated in the
table in which the other conditionally independent variable is included or
not. Thus, if two variables are conditionally independent of one another,
their relationships with the other variables may be estimated either in the
same table or in separate tables. The possibility of specifying the same
model in alternative ways as a result of collapsibility is a feature that will
be encountered several times in the next chapter which presents models
with latent variables.

Te|abed (220)

Combining the two kinds of restrictions Above, two different ways
of restricting the conditional probabilities of a modified path model were
presented, viz., assuming that a variable does not depend on one or more
of the preceding variables and assuming that particular higher-order inter-
action terms are zero. But actually, it is simpler and computationally more
efficient to combine the two ways of restricting the conditional probabil-
ities because it often reduces the dimensionality of the tables one has to
work with. More precisely, the model can be restricted as in Equation 2.19,
and then the conditional probabilities appearing in this equation can be
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restricted via a logit parameterization. This leads to a (small) modification
of the procedure proposed by Goodman.

Let us look at the model for dependent variable E. Because E does not
depend on C, 7¢jqpeq can be replaced by mejqpq. Therefore, the log-linear
restrictions which were imposed on 7|qpcq can now be imposed directly on
Telabds OF equivalently, the log-linear model that was specified for marginal
table ABCDE can now be specified for marginal table ABDFE. It should
be noted that this result also follows from the collapsibility theorem. Since
C and E are conditionally independent, the effects of A, B, and D on E
may be estimated after collapsing the table over C'. Specifying log-linear
model {ABD, AE, BE, DE} for marginal table ABDE gives

log Mapge = oszgD +uf + ufeE +uBF 4 ulE

where mgpqe denotes an expected frequency in the marginal table ABDE.
Thus, by imposing restrictions in two steps, the parameters can be esti-
mated in the marginal table which includes only the independent variables
which are really used. This two-step procedure may not only reduce the
size of a problem, but it also has another important advantage: It prevents
fitted zeros when the observed table contains zeros in the fixed margin
ABCD, but not in the margin ABD.

Continuous exogenous variables So far, all variables included in the
modified path model were assumed to be categorical, which is in agreement
with the way Goodman presented his modified path model. However, it
is also possible to include continuous exogenous variables in modified path
models. In fact, this extension is analogous to what was discussed in the
context of the logit model. When the variables A, B, and C' are continuous
rather than categorical, and when, as in Figure 2.1, D, FE, and F are
mutually ordered endogenous variables, a modified path model is obtained:

7Tdef|wdjkwcjka:fjk = Trd‘w,ijk 7Te|wcjkdﬂ-f\zfjkde K

where zg4jk, Zejr, and x ¢, denote the observed value of person k on exoge-
nous variable j for D =d, F = e, and F = f, respectively. In this case, the
marginal distribution of the exogenous variables cannot be restricted by
means of a log-linear model. The conditional probabilities can, of course,
be restricted via a general logit model or logistic regression model of the
form given in Equation 2.17.

2.9.2 Estimation and testing

Goodman (1973) demonstrated that the maximum likelihood estimates for
the log-linear parameters and the expected frequencies in the various sub-
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models of a modified path model can be estimated separately for each
submodel. This results from the fact that when the parameters of the var-
ious submodels are distinct, the likelihood can be factorized into submodel
specific parts which may be maximized separately:

log L = Z Nabedef log (’/Tabcdef) 5
abede f

= Z Nabe+++ 108 (Tabe) + Z Nabed++ 108 (Wd\abc)
abc abed

+ Z Nabedet 108 (Tejabea) + Z Nabedef 108 (T flabede) -
abcde abede

In Appendix E.2 it is shown that the likelihood equation for a parameter of
a modified path model is identical to the likelihood equation for a parameter
of a logit model which has the same structure as the modified path step
concerned.

The factorization of the likelihood makes it possible to estimate the
parameters of a modified path model by means of standard programs for
log-linear or logit analysis. The {EM program (Vermunt, 1993) has extra
facilities for defining submodels without actually having to ‘input’ them.
In VEM , the model specification consists of defining the subtables and the
subtable-specific log-linear models. The log-linear models can be of the
form of the general multinomial response model given in Equation 2.16. In
addition, log-multiplicative interaction terms can be used in the modified
path model. So, in fact, any kind of log-linear model can be specified for
each subtable.

Restrictions across modified path steps As previously mentioned,
the parameters of the different submodels can be estimated separately as
long as they are distinct, but, when equality restrictions are imposed on
parameters coming from different submodels, the parameters of the mod-
ified path model must be estimated simultaneously. In CeMm , two types
of equality restrictions can be imposed on parameters appearing in differ-
ent modified path steps: Log-linear or logit parameters can be assumed
to be equal, and (conditional) probabilities can be assumed to be equal.
As demonstrated in Appendix E.3, the likelihood equation for a log-linear
parameter appearing in different submodels is simply the sum of the con-
tributions of the submodels concerned.

Equality and fixed-value restrictions on the (conditional) probabilities
can be imposed by means of a rather simple procedure proposed by Good-
man in the context of latent class analysis (Goodman, 1974b). Van de Pol
and Langeheine (1990) demonstrated that Goodman’s procedure can be
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used to constrain any type of conditional probability appearing in (mixed
and latent) Markov models. They implemented the algorithm in their PAN-
MARK program (Van de Pol, Langeheine, and De Jong, 1989). This proce-
dure, which is described in Appendix F, consists of replacing the conditional
probabilities which are assumed to be equal by their weighted mean. Mooi-
jaart and Van der Heijden (1992) demonstrated, however, that Goodman’s
algorithm does not always work properly. They proposed estimating latent
class models with equality and fixed-value restrictions on the probabilities
by adding Lagrange multipliers to the log-likelihood function to be maxi-
mized. In £EM, the same type of solution is implemented for estimating
modified path models with these types of constraints on the parameters
(see Appendix F).

Testing The factorization of the contribution of the submodels to the log-
likelihood function can also be used for testing. Goodman (1973) proposed
testing the models separately by means of the likelihood-ratio chi-square
statistic. The overall test for the complete model can be obtained by adding
up the L? values and the degrees of freedom of the separate submodels.
This is an important feature if the modified path model is estimated with
standard programs for log-linear analysis.

This testing procedure can, however, only be applied when the model is
specified in the way Goodman did, that is, when every subtable contains all
the variables of the previous subtable and when no restrictions are imposed
on the parameters across modified path steps. In other cases, the L? for the
complete model has to be computed by means of the estimated probabilities

Tabcde-

2.9.3 Discrete-time Markov models

The modified path model is strongly related to the discrete-time Markov
model. Actually, the discrete-time Markov model, which can be used for
the analysis of multi-wave panel data, is a special case of the modified path
model presented above (Vermunt, Langeheine, and Bockenholt, 1995). This
can be demonstrated by means of an example. Suppose that S; denotes the
state occupied at time point [ and that s; denotes a category of .S;. For the
sake of simplicity, it will be assumed that there are observations for only
four points in time, that is, 1 <[ < 4. In a first-order Markov model, the
state occupied at a L = is assumed to depend only on the state occupied
at L = 1—1 (Anderson and Goodman, 1957; Bishop, Fienberg and Holland,
1975:261-267; Markus, 1979), or, in terms of our modified path model,

7751825384 - 7r81 7-‘-82|51 7T83|82 7TS4\83 .
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Especially in Markov models, it is important to be able to restrict the
parameters to be equal across modified path steps. The most common set
of restrictions,

WSQ‘Sl = 7T83|82 = 7TS4|S37

gives rise to a stationary or time-homogeneous Markov model. These equal-
ity restrictions can also be imposed indirectly by restricting the log-linear
parameters of different modified path steps to be equal, that is, by param-
eterizing

Si—185
€Xp (usszl + uszl—11511>

7Tsl|sl . = 5
- S, S1-18;
Zsl exp (U’Sl + Usi_1s1
and restricting
Sy Ss Sa
Uy = Uy = Ug,,
5182 _ S2S3 53854
Usisy = Usysg = Usysy -

Equivalently, higher-order Markov chain models can be specified. The only
difference is that in such models, the value of S; depends not only on S;_1,
but also on the state occupied on earlier occasions (Bishop, Fienberg and
Holland, 1975:267-270; Van de Pol and Langeheine, 1990).

Covariates In most cases, Markov models are used only for descriptive
purposes. However, with the modified path analysis approach, it is easy
to incorporate explanatory variables into a Markov model.'? Suppose, for
instance, that one has three explanatory variables denoted by A, B, and
C. Given a first-order Markov chain, the following modified path model is
obtained:

Tabcsisaszss —  Tabe 7rsl|abc 7T52|abcsl 7753|abCSZ 7754\0,17033 g

This is also the way covariates can be incorporated into a Markov model
using the PANMARK program (Van der Pol, Langeheine and De Jong,

12Diggle, Liang, and Zeger (1994) distinguished three types of regression models for
longitudinal data: marginal models, random effects models, and transition models.
Markov models, as well as the event history models which are discussed in Chapter
4, belong to the family of transition models. Random effect models can be specified with
the latent class models presented in the next chapter. For the estimation of marginal
models, however, one needs methods which are outside the scope of this book, such
as generalized estimating equations (GEE) (Liang and Zeger, 1986; Lipsitz, Laird, and
Harrington, 1991) or the maximum likelihood methods proposed by Lang and Agresti
(1994) and Bergsma (1997).
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1989). However, as demonstrated above, when using a modified path model,
it is possible to use a logit parameterization for the conditional probabilities
appearing in the Markov model with exogenous variables. Together with
the possibility to restrict parameters across points in time, this results in
rather flexible and parsimonious regression models for the states occupied
at different points in time.!3

Suppose that the variables A and B influence the state occupied at the
first point in time, but that there is no three-variable interaction between
A, B, and S;. Furthermore, suppose that B influences the value of S; and
that C influences the size of the association between S;_1 and S;. In other
words, S;_1, B, and C have direct effects on S, and there is a three-variable
interaction between C, S;_1, and S;. This yields the following logit models
for 74, |abe and g, |apes, , TESPECtively:

BS
exp (ust +uld +uf)

Tsilabe = )
S1 AS; BS;
25, €XP (us1 + Uas," + Uy,

BS Si1-15: CSi—15;
exp (ufll + Ubsll + Ug‘lgl + Us;_1s; + Ucs; 15 )

s
stlabesi— 51150 cslflsl) ’

S BS cs
Zsl exp (Usll + ubsll + chll + Us;_1s; + Ucs;_1s;

where 7, |45 may be replaced by 7, a5 and g |abes;_, DY T [pes, ;- This
modified path model can be simplified by assuming the log-linear parame-
ters for the transition probabilities to be time independent or, equivalently,
by assuming 7, |pcs,_, does not depend on I. As will be demonstrated in sec-
tion 4.8, parameterizing the discrete-time Markov model as a modified path
model yields a model which is equivalent to a specific type of discrete-time
event history model.

I3Recently, Gilula and Haberman (1994) proposed a similar approach for analyzing
categorical panel data, which they called conditional log-linear models.
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Figure 2.1: Modified path model
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Chapter 3

Log-Linear Analysis With
Latent Variables and
Missing Data

In the discussion of the various types of log-linear models in the previous
chapter, it was implicitly assumed that the values of all variables used in
the analysis were observed for all subjects being studied. In social research,
however, it is often the case that some variables are completely or partially
unobserved. This chapter extends the log-linear models discussed in the
previous chapter so that they can be applied even if there are missing data.

Completely unobserved variables occur in latent structure models. These
are models which can be used to correct for measurement error in observed
variables (Bartholomew, 1987; Heinen, 1996). The categorical variant of
the latent structure models, which was first proposed by Lazarsfeld (1950a,
1950Db), is called latent class analysis. Latent structure models for data of
different measurement levels have in common that they are all based on the
assumption of local independence. The manifest variables which are used
as indirect measures for the latent variable(s) are assumed to be mutually
independent given the score on the latent variable concerned. In a latent
class model, the existence of a categorical latent variable is postulated,
which accounts for the relationships between a set of categorical manifest,
or observed, variables.

The latent class model is a member of the family of finite mixture mod-
els (Everitt and Hand, 1981; Titterington, Smith, and Makov, 1985). In
finite mixtures models, it is assumed that the population being studied is
composed of a number of subpopulations which are not observed. In other

45
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words, the observed data is a mixture of the data of a finite number of sub-
groups, but it is not observed which subgroup a particular person belongs
to. Furthermore, the parameters of the postulated model within these sub-
populations are assumed to differ in some respect. The latent class model
is a finite mixture model in which the observed variables are assumed to be
mutually independent within subpopulations and to have different marginal
distributions among subpopulations. Although only applications in the field
of log-linear modeling are presented here, it must be noted that the finite
mixture approach is applicable to any type of statistical method.

Several important extensions of Lazarsfeld’s latent class model have
been proposed, such as models for more than one latent variable (Goodman,
1974a, 1974b; Haberman, 1979:558-560), models with external or explana-
tory variables (Goodman, 1974a, 1974b; Haberman, 1979:542-544), models
for multiple-group analysis (Clogg and Goodman, 1984, 1985, 1986), and
models with direct effects among indicators (Hagenaars, 1988). The most
extended model is, however, Hagenaars’s modified Lisrel model (Hagenaars,
1985, 1990, 1993), in which all of the other latent class models are viewed
as special cases. The modified Lisrel model is a log-linear path model in
which some of the variables are unobserved. It resembles the well-known
LISREL model for continuous data (Jéreskog and Sérbom, 1988) in that a
measurement model for the latent variables is specified simultaneously with
a structural model for the relationships among the latent variables and the
manifest variables used as structural variables (Vermunt, 1994, 1996).

Correcting for measurement error in observed variables is not, however,
the only application of log-linear models with latent categorical variables.
Another well-known application of such finite mixture models is correction
for unobserved heterogeneity (Wedel and DeSarbo, 1994, 1995). The term
unobserved heterogeneity refers to a ‘regression’ model in which specific
explanatory variables are not observed. By introducing an unobserved re-
gressor, an attempt can be made to eliminate or decrease the bias caused by
not observing important regressors given certain appropriate assumptions.
Formann (1992) presented a logit model with a latent regressor which was
assumed to be independent of the other explanatory variables. He called
the model a mixed logistic regression model. Also, a mixed variant of the
discrete-time Markov discussed in the previous chapter has been proposed
(Poulsen, 1982; Van de Pol and Langeheine, 1990). These 'mixed’ models
are, likewise, special cases of the modified Lisrel model (Vermunt, 1996).

Apart from measurement error and unobserved heterogeneity, one is of-
ten confronted with another kind of missing data problem in social research,
the problem of partially observed variables. The term partially observed or
partially unobserved variable denotes that a variable is not observed for all
persons. In survey research, partially observed variables are generally the
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result of item nonresponse. However, this kind of missing data can also
be caused by the data collection design itself: it could be too expensive or
impossible to gather all information for all persons.

Fuchs (1982) proposed a method which makes it possible to estimate
the parameters of a log-linear model using incomplete data. However, this
method is based on the assumption that the mechanism causing the missing
data can be ignored when estimating the parameters of interest (Little and
Rubin, 1987). More recently, a variant of the log-linear path model has been
developed which makes it possible to simultaneously model the mechanism
causing the nonresponse and the relationships among the variables of inter-
est (Fay, 1986, 1989; Baker and Laird, 1988; Vermunt, 1988, 1996). Using
this approach, it is also possible to estimate parameters within the context
of nonignorable response
mechanisms.

From a statistical point of view, partially unobserved variables can
be handled in the same fashion as completely unobserved covariates. In
fact, a partially observed variable is manifest for some individuals and
latent for others (Winship and Mare, 1989). Therefore, the same esti-
mation procedures can be used to estimate the parameters of log-linear
models with unobserved or with partially observed variables. As will be
shown in this chapter, there is no difficulty in dealing with both kinds
of missing data simultaneously (Hagenaars, 1985, 1990; Vermunt, 1988,
1994).

The remainder of this chapter consists of two sections, the first of which
focusses on log-linear models with latent variables. It deals with the classi-
cal and log-linear latent class model, the most important extensions of the
standard latent class model, modified Lisrel models, and mixture models
for dealing with unobserved heterogeneity. Log-linear models with variables
subject to nonresponse are described in section 3.2. Attention is given to the
different kinds of response mechanisms and to Fuchs’s and Fay’s methods for
dealing with partially observed
variables.

3.1 Latent variables

3.1.1 Latent class analysis

As many concepts in the social sciences are difficult or impossible to mea-
sure directly, several directly observable variables, or indicators, are often
used as indirect measures of the concept to be measured. The values of the
indicators are assumed to be determined only by the unobservable value
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of the underlying variable of interest and by measurement error. In latent
structure models, this principle is implemented statistically by assuming
probabilistic relationships between latent and manifest variables and by
the assumption of local independence. Local independence means that the
indicators are assumed to be independent of each other given a particular
value of the unobserved or latent variable; in other words, they are only
correlated because of their common cause.

Latent structure models can be classified according to the measurement
level of the latent variable(s) and the measurement level of the manifest
variables (Bartholomew, 1987; Heinen, 1993:3-10, 1996). In factor analysis,
continuous manifest variables are used as indicators of one or more contin-
uous latent variables. In latent trait models, a continuous latent variable
is assumed to underlie a set of categorical indicators. Finally, when both
the manifest and the latent variables are categorical, a latent class model
is obtained. Note that a categorical variable does not need to be a nomi-
nal variable; it can also be an ordinal or a discrete interval variable. The
latent class model was originally proposed by Lazarsfeld (1950a, 1950b),
while its practical applicability is to a large extent the result of the work by
Goodman (1974a, 1974b) and Haberman (1979: Chapter 10). Although all
variables are treated as nominal variables in the unrestricted latent class
model, restricted latent class models have been proposed which make it pos-
sible to make a priori assumptions on the order and the distances among
the categories of the latent and manifest variables (Rost, 1988; Croon, 1990;
Formann, 1992; Heinen, 1996; Vermunt and Georg, 1995).

Unrestricted latent class model The latent class model can be pa-
rameterized in two different ways. It is possible to use either the classi-
cal parameterization in terms of (conditional) probabilities introduced by
Lazarsfeld (Lazarsfeld, 1950a, 1950b; Lazarsfeld and Henry, 1968: Chapter
3), which is also used by Goodman (1974a, 1974b), or the log-linear param-
eterization introduced mainly by Haberman (1979: Chapter 10). Suppose
there is, as depicted in Figure 3.1, a latent class model with one latent
variable W with index w and 4 indicators A, B, C, and D with indices a,
b, ¢, and d. Moreover, let W* denote the number of latent classes. The
basic equations of the latent class model are

W
Tabcd — Z Twabcd 5 (31)
w=1

in which

Twabed = TwTabedlw — TwTa|w Tolw Me|w Td|w - (32)
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Figure 3.1: Latent class model

Here, myabeq denotes the probability of being in cell (w, a, b, ¢, d) of the joint
distribution WABCD. Furthermore, 7, is the probability of belonging to
latent class w and mgpcq), 18 the probability of having a particular observed
response pattern given W = w. The other 7 parameters are conditional
response probabilities. For instance, m,,, is the probability of being in
category a of variable A, given that one belongs to latent class w.

As can be seen from Equation 3.1, the latent class model assumes that
the population can be divided into W* exhaustive and mutually exclusive
classes. Therefore, the joint probability of the observed variables can be
obtained by summation over the latent dimension. The classical parame-
terization of the latent class model proposed by Lazarsfeld (1950a, 1950b)
is given in Equation 3.2. It can be seen that the observed variables A, B,
C, and D are postulated to be mutually independent given a particular
score on the latent variable W.

Note that Equation 3.2 is very similar to the modified path models dis-
cussed in the previous chapter. Actually, it is a modified path model in
which one variable is unobserved. Because the latent class model is com-
pletely defined in terms of conditional independence, it is also a graphical
model (Wermuth and Lauritzen, 1990).

Haberman (1979: Chapter 10) demonstrated that the unrestricted la-
tent class model given in Equation 3.2 is formally identical to the hierar-
chical log-linear model {WA, W B, WC, W D}, written as

log myabea = u+ uy + uf + ubB + ucC + udD + umA + uuvf/bB + UL/,VCC
+ umD , (3.3)

in which myapcd = N Twabed- Equation 3.3 contains, in addition to the
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overall mean and the one-variable terms, only the two-variable interaction
terms between the latent variable W and the manifest variables. As none
of the interactions between the manifest variables are included, it can be
seen that they are assumed to be conditionally independent of each other.
The relation between the parameters of the two different parameteriza-
tions of the latent class model, that is, between the conditional probabili-
ties appearing in Equation 3.2 and the log-linear parameters appearing in
Equations 3.3, is (Haberman, 1979:551; Heinen 1993:13-22)
. _ exp (uf + umA)
v TS exp (uf +ull )

(3.4)

It should be noted that this is the same type of logit parameterization of
a conditional probability that is used in modified path models. Moreover,
since the indicators are assumed to be independent of one another given W,
it does not matter whether the relationships between W and the indicators
are estimated by specifying a separate logit model for each indicator or by
specifying a log-linear model for the full table mqpeq. This follows from
the collapsibility theorem (see section 2.9).

Restricted latent class models If it is not necessary to impose fur-
ther restrictions on the parameters, the two formulations of the latent class
model are completely equivalent. However, if the model is restricted in
some way, the parameterization choice depends on the type of restrictions
that have to be imposed. Because of the possibility of applying a reparam-
eterization, particular kinds of restrictions can be used under both param-
eterizations though others are specific to one of the two parameterizations.

It should be noted that in writing the latent class model in terms of con-
ditional probabilities in combination with logit models for these conditional
probabilities, a combined parameterization is obtained which is similar to
the modified path model discussed in the previous chapter. Actually, For-
mann’s linear logistic latent class model combines the two parameteriza-
tions discussed above (Formann, 1982, 1992). Formann specified the latent
class model in terms of latent and conditional probabilities, for which the
probabilities are parameterized as in Equation 3.4. This type of formu-
lation makes it possible to combine restrictions on the probabilities with
restrictions on the log-linear, or linear logistic, parameters.

Restrictions which are typical of the classical latent class model are
fixed-value and equality restrictions on the latent and conditional response
probabilities (Goodman, 1974a, 1974b; Mooijaart and Van der Heijden,
1992). On the other hand, in the log-linear latent class model, it is com-
mon to impose linear restrictions on the log-linear parameters, such as equal
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effects of the latent variable among indicators, linear-by-linear interactions,
and row and/or column effects. Besides these more standard restrictions,
there are many other types of linear and non-linear restrictions which can be
imposed on the probabilities. Croon (1990), for instance, demonstrated the
implementation of particular kinds of inequality restrictions on the condi-
tional response probabilities leading to an ordinal latent class model. More-
over, although not yet implemented in the context of latent class analysis,
the general model developed by Lang and Agresti (1994) would make it
possible to combine a large variety of linear and log-linear restrictions on
(sums of) probabilities in latent class models.

Sometimes, it is possible to translate equality restrictions on probabili-
ties into equality restrictions on log-linear parameters. As can be seen from
Equation 3.4, for instance, equal conditional response probabilities among
indicators can also be obtained by specifying both the one-variable terms
for the indicators concerned and their two-variable interaction terms with
the latent variable as equal. Equal conditional probabilities are, however,
a rather restrictive assumption. Using the log-linear parameterization, it
is also possible to impose a weaker type of restriction on the conditional
response probabilities, that is, equal strength of association between the
latent variable and the various indicators. This can be accomplished by
constraining the two-variable interactions appearing in Equation 3.3 to be
equal among indicators. Although there is no exact correspondence, the
imposition of equality restrictions of this type on the item parameters is
similar to the work by Joreskog (1971) on parallel and tau-equivalent items
in the context of factor analysis (see also Mellenbergh, 1994). If the condi-
tional response probabilities are equal among items, the items may be called
parallel, while they may be called tau equivalent if only their two-variable
interactions with the latent variable are equal.

Another restriction that is often used in classical latent class analysis is
the fixing of particular conditional response probabilities to zero. Such a
restriction can, among other things, be used to construct latent Guttman
scales (Clogg and Sawyer, 1981; Clogg and Goodman, 1986) and to define
quasi-latent variables (Hagenaars, 1990:117-119). Fixing a probability to
zero is equivalent to setting the log-linear parameters associated with it to
minus infinity. This can be accomplished by incorporating structural zero-
expected frequencies in the log-linear model (Haberman, 1979:554-556).

Restrictions specific to the log-linear parameterization are linear-by-
linear effects and row and/or column effects. These restrictions are useful
if either the latent variable or the manifest variables or both can be as-
sumed to be interval-level variables (Heinen, 1996; Rost, 1988). Heinen
(1996) demonstrated that when the latent variable is discretized, most la-
tent trait models can be written as latent class models with restrictions on
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the log-linear parameters. For instance, a discrete variant of the well-known
Rasch model for item analysis is obtained by specifying a latent class model
with a certain number of latent classes in which the two-variable interaction
parameters between the latent variable and the indicators are specified as
linear-by-linear and equal among indicators. Within the log-linear model-
ing framework, it is even possible to specify models with log-multiplicative
interaction terms. This option can be used, for instance, to specify a dis-
crete Rasch model with random scores for the categories of the latent vari-
able. Lindsay, Clogg, and Grego (1991) called this model a semi-parametric
Rasch model.

3.1.2 Extensions of the standard latent class model

Several important extensions of the standard latent class model have been
developed. Some of these are specific for either the classical or the log-linear
formulation of the latent class model, while others can be implemented
under both parameterizations. Below, the most important extensions de-
veloped within the framework of either the classical or the log-linear latent
class model are discussed. Moreover, it is demonstrated that these extended
latent class models can also be formulated as modified path models, that is,
in terms of conditional probabilities which are possibly subjected to logit
restrictions.

Models with several latent variables Goodman (1974a, 1974b) and
Haberman (1979:558-560) showed how to specify latent class models with
more than one latent variable. This led to a model which is analogous to
a factor analytic model with more than one factor. Latent class models
with several latent variables can be specified either by imposing equality
restrictions on the conditional probabilities or by formulating a log-linear
model.

Suppose there is a model with four indicators and two latent variables,
in which A and B are indicators of the latent variable W, and C' and D of
the latent variable Y. Moreover, assume W and Y are related to each other.
This results in the log-linear latent class model {WY, WA, WB,YC,Y D}
which is displayed in Figure 3.2, or

Y A B D Y A
108 Muyabea = w+up +uy +uj +uy +ul +ulf +uy,) +up,
WB YC YD
F Uy Uy F Uy (3.5)

Just as in the standard latent class model, additional restrictions can be
imposed on the log-linear parameters in this model. Note that it is not only
possible to restrict the item parameters but also the relationships between
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Figure 3.2: Latent class model with 2 latent variables

the latent variables. In a model with three latent variables, for instance, a
no-three-variable interaction model can be specified for the latent variables.
Hagenaars (1986) proposed symmetry and quasi-symmetry models for the
associations between the latent variables.

In terms of conditional probabilities, the latent class model of Equation
3.5 can be written as

Twyabed =  Twy Malw Tblw Te|ly Td|y -

Models with external variables Another extension of the ordinary la-
tent class model is the incorporation of external variables in the model (Ha-
genaars, 1985, 1990:113-119, 1993). Since external variables are manifest
variables which are not indicators, the assumption of conditional indepen-
dence does not need to hold for these variables. Clogg (1981), for exam-
ple, applied latent class models with external variables to specify multiple-
indicator multiple-cause models (MIMIC) for categorical data. These mod-
els resemble the well-known MIMIC models for continuous data presented
by Joreskog and Goldberger (1975).

Clogg (1981) specified the MIMIC model for categorical data using the
classical parameterization of the latent class model. However, this param-
eterization is limited with respect to the models that can be postulated
for the relationships among the external variables and the latent variables:
Only a saturated model and particular kinds of independence models can be
specified for these variables. When using the log-linear parameterization, it
is possible to specify any kind of non-saturated model for the relationships
among the external and the latent variables.
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: < |
Figure 3.3: Latent class model with external variables

Suppose there is a MIMIC model with two external variables I and J
and one latent variable W with three indicators A, B, and C. Moreover,
assume that the external variables influence W and that there is no three-
variable interaction among I, J, and W. The MIMIC model concerned,
which is depicted in Figure 3.3, is equivalent to log-linear latent class model
{IJ,IW, JW, WA WB,WC}, or

I A B I I
log Muwabei; = ©+ u; +uj+u}f+ua + uy +u§+uij]+uixv+uﬁv

wc

WA WB
+uwa +fu’wb +uwc :

In terms of conditional probabilities, it can be written as
Twabcij =  Tij Twlij Talw Tolw Te|w s

in which m,,;; is restricted by a logit model without a three-variable in-
teraction term. Although above the external variables were assumed to be
exogenous variables, it is also possible to use external variables as depen-
dent variables.

Models for several subpopulations Other extensions are latent class
models for several subpopulations which may differ with respect to the
latent distribution and the relationships between the latent variables and
their indicators (Hagenaars, 1990:127-135). This is comparable to simul-
taneous factor analysis in several populations (Joreskog, 1971; Sérbom,
1974). Clogg and Goodman (1984, 1985) presented what they called a
simultaneous latent structure model using the classic parameterization of
the latent class model. McCutcheon (1987) applied this model to compare
latent distributions at different points in time.
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Simultaneous latent class analysis involves incorporating a group vari-
able in the model. This group variable may influence the latent distribution
and the conditional response probabilities. If G denotes the group variable
in a latent class model with latent variable W and indicators A, B, and C,
the multi-group latent class model can be written as

Twabcg = Tg Tw|g Talwg Tblwg Te|wg -

Note that this unrestricted multiple-group model is equivalent to log-linear
model {GWA,GWB,GWC'}. A specification of this kind implies that the
latent distribution, the distributions of the indicators, and the relationships
between the latent variable and the indicators are all assumed to be different
among subpopulations.

However, often one wants to impose restrictions on the parameters
across groups. An example of a restricted model is the log-linear model
{GW, WA WB,WC,GA,GB,GC}. In this model, it is assumed that
the latent and manifest distributions differ among groups, but that the
strengths of the relationships between the latent variable and the indica-
tors are the same for all of the subpopulations. An even more restrictive
model is {GW, WA, W B,WC'}. Here, the measurement part of the model
is assumed to be equal for all subgroups. In terms of conditional probabil-
ities, this model can also be written as

Twabcg = Tg Tw|g Talw Tblw Te|w -

Actually, this model tests the assumption of invariance of the latent con-
struct (Joreskog, 1971), which is a vital test if the aim is to compare the
latent distributions of different groups. Latent distributions can only be
compared when the latent variable has the same meaning for all subpopu-
lations, which often implies that one wants the relationships between the
latent variable and the items to be equal among subgroups.

Local dependence models The log-linear latent class model can also
be used to specify models in which particular indicators are related to one
another. Hagenaars (1988) demonstrated how to specify these so-called lo-
cal dependence models. Figure 3.4 shows an example of a local dependence
model, i.e., model {WA,WB,WC,WD,CD}. In this model with one la-
tent variable and four indicators, there is a direct association between the
indicators C' and D. In terms of conditional probabilities, the model can
be written as

Twabed = Tw Ta|w Tolw Ted|w » (36)



56CHAPTER 3. LOG-LINEAR ANALYSIS WITH LATENT VARIABLES AND MISSING DA’

where g, is restricted by means of a no-three-variable interaction log-
linear model. These local dependence models are analogous to factor ana-
lytic models with correlated error terms (Sérbom, 1975).

3.1.3 Causal log-linear models with latent variables

Some extensions of the standard latent class model were discussed in the
previous subsection. A limitation of these extensions is that they were
all developed within the framework of either the classical or the log-linear
latent class model. Therefore, it is not always possible to postulate the
desired a priori causal order among the variables incorporated in the model.
But, as was demonstrated, all these extended latent class models can be
written as modified path models in which one or more variables are not
observed. This subsection presents the general formulation of the modified
path model with latent variables which was proposed by Hagenaars (1985,
1990:135-142, 1993). Because of the analogy with the LISREL model for
continuous variables (Joreskog and Soérbom, 1988), Hagenaars called it a
modified Lisrel approach.!

Suppose we want to investigate the causal relationships between six
categorical variables denoted by F, F', G, H, W, and Y, where W and Y
are latent variables. Figure 3.5 shows the assumed causal order and the
assumed direct relations of the variables. It can be seen that the variables
E, F, and G are exogenous variables. The others are endogenous, where
H is assumed to be posterior to W, and Y is assumed to be posterior to
H. Moreover, A and B serve as indicators for the latent variable W, and
C and D serve as indicators for Y.

The probability of belonging to cell (e, f, g, w, h,y,a,b, c,d) of the joint
distribution of all the variables included in the model is denoted as ¢ f gwhyabed-
As demonstrated in section 2.9, the a priori information on the causal order
of the variables can be used to decompose 7¢fguwhyabed as follows:

Tefgwhyabed = Tefg Twlefg Thlefgw Tylefgwh Tabed|wy * (37)

The only difference between a modified path model containing only ob-
served variables and the modified Lisrel model described in Equation 3.7 is
that the latter contains an additional component in which the relationships
between the latent variables and their indicators are specified (Hagenaars,
1993; Vermunt, 1994, 1996), in this case Tabedjwy- Lhis part will be called
the measurement part of the model, while the other part will be called the
structural part of the model. On the basis of the relationships between the

I Another Lisrel-like approach to ordinal categorical data which is more similar to the
standard LISREL model is the model proposed by Muthén (1984).
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variables depicted in Figure 3.5, the model represented in Equation 3.7 can
be written in a more restricted form as

Tefgwhyabed — Tefg Twlefg Thlefw Ty|fgwh Talw Tb|lw Te|ly Td|y - (38)

As in a modified path model containing only observed variables, the prob-
abilities appearing in Equation 3.8 can be restricted further by means of
a logit parameterization or by the equivalent log-linear parameterization
proposed by Goodman (1973). For instance, in accordance with the rela-
tionships depicted in Figure 3.5, 74 has to be restricted as follows:

exp (uZ}V +ul P+ uuVE/fF + UK[,;G + UwaI;G)

S exp (uld + ull? 4wl 4 w6+ ull )

Twlefg

or equivalently, by means of log-linear model

WFG

logmefgw = Qepg+ Uy + up” + uﬂvuva + ug/gc T Uy

This model contains direct effects of £ and F' and G on W, where there is
an interaction between F' and G with respect to their effects on W.

Some other special cases As was shown in the previous subsection, all
extensions which have been proposed for the standard latent class model
are special cases of the modified Lisrel model. There are, however, other
models which are special cases of the modified Lisrel model.

Hagenaars (1988) specified a local dependence model in which he as-
sumed the relationships between indicators to be asymmetrical. Suppose
we want to specify a local dependence model like the one depicted in Fig-
ure 3.4, but now with a direct effect of C' on D instead of a symmetrical
relationship. Such a model is equivalent to a modified path model of the
form

Twabed = Tw Ta|w Tblw Te|lw Td|we s

where 7)., is restricted by a no-three-variable interaction model. Although
in this case the model with an asymmetrical direct relationship between
indicators gives the same model fit as the symmetrical specification used in
Equation 3.6, this is not always the case. Moreover, even though the model
fit is the same, the estimated effect of W on C will be different in the two
specifications.

Another special case of the modified Lisrel model is the latent budget
model which was proposed by Van der Heijden, Mooijaart, and De Leeuw
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(1992). A latent budget model is a kind of MIMIC model in which one
set of variables is used as a joint explanatory variable and another set of
variables is used as a joint response variable or observed budget. When A
denotes the joint explanatory variable, B, the observed budget, and W, the
latent budget, the latent budget model is given by

Tawb = Ta Tw|a Tblw s

where the marginal distribution of A, 7., is not restricted, and where 7,
and ), can be restricted via fixed-value or equality restrictions on the
conditional probabilities or via a logit parameterization.

In the previous chapter, it was shown that the discrete-time Markov
model is a special case of the modified path model. Therefore, it is not
surprising that the discrete-time latent Markov model is a special case of
the modified Lisrel model. The discrete-time latent Markov model was
originally proposed by Wiggins (1955, 1973), while more recently Poulsen
(1982), Van de Pol and De Leeuw (1986), Van de Pol and Langeheine (1990),
and Collins and Wugalter (1992) contributed to the practical applicability
of the latent Markov model. Suppose that S; denotes the observed state at
time point [ and that s; denotes a category of S;. Moreover, let ®; denote
the true state at time point [ with values ¢;. For the sake of simplicity, it will
be assumed that there are observations for only 3 points in time, 1 <[ < 3.
In that case, a first-order latent Markov model can be represented as follows:

Tsisosapipads  —  Thp1 Toa|py Ths|pa Tsi|pr Tsa|pa Tss|ps s

where some restrictions have to be imposed on either the transition prob-
abilities 74,|4,_, or the conditional response probabilities 7,4, to make
the model identifiable (Van de Pol and Langeheine, 1990). Explanatory
variables can be incorporated in the model in the same way as in mani-
fest Markov models (Vermunt and Georg, 1995; Vermunt, Langeheine, and
Béckenholt, 1995).

As in modified path models, every conditional probability in modified
Lisrel models may be parameterized by means of a multinomial logit model
of the general form

exp (Z] Bjxijk>
Zi €xp (Z] ﬁjxijk) 7

where ¢ denotes a level of the response variable, k, a level of the joint
explanatory variable, and j, a particular effect. This implies that, as was
demonstrated for modified path models, modified Lisrel models can also be

(3.9)

Tk
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used with continuous exogenous variables. Dayton and Macready (1988)
and Van der Heijden and Dessens (1994) proposed a latent class model with
continuous covariates. In their model, the latent proportions are regressed
on one or more continuous explanatory variables using a logistic regression
model. Assuming that the latent variable W has 3 indicators A, B, and C,
in our notation, such a model can be written as

Tabcdw|k = 7Tw|:cwjk. 7Ta|wxajk Wb\wacbjk Wclwxcjk ;

where Tyjk, Tajk, Tojk, and z;;, denote the observed value for person k on
the exogenous variable j for W = w, A = a, B = b, and C = ¢, respec-
tively. These conditional probabilities can, of course, be restricted using the
multinomial logit model or the logistic regression model given in Equation
3.9. Note that this modified path model with a latent variable is, in fact,
more general than the model proposed by Dayton and Macready because
the conditional response probabilities may also depend on the continuous
covariates.

3.1.4 Unobserved heterogeneity

Above, one particular application of log-linear models with latent variables
models was discussed, i.e., correcting for measurement error in observed
variables. However, log-linear models with latent variables can also be
used to correct for unobserved heterogeneity. The term unobserved het-
erogeneity is generally used in the context of regression models.? It means
that particular variables that influence the dependent variable are not mea-
sured and can therefore not be used as covariates in the regression model
(Heckman and Singer, 1982, 1984). One possible solution in such situations
is to include in the regression model a latent unobserved covariate which
is assumed to capture (part of) the unobserved causes of the phenomenon
under study (Wedel and DeSarbo, 1994, 1995).

From a technical point of view, the main difference between the latent
class models discussed in the previous subsections and the finite mixture
models which are used to correct for unobserved heterogeneity is that in
the latter, the latent variable incorporated in the model does not have indi-
cators. Since this makes the models more difficult to identify, models with
unobserved heterogeneity will generally be rather restrictive. Moreover, the
results obtained from mixture models may be sensitive to the choice of the
identifying restrictions.

20ther terms that are sometimes used to describe this phenomenon are omitted vari-
able bias (Chamberlain, 1985) and overdispersion (MCCullagh and Nelder, 1983).
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Follman and Lambert (1989) and Formann (1992) proposed a logit
model with a non-parametric unobserved heterogeneity component. For-
mann called this model a mized logistic regression model. In this model, the
existence of a categorical latent variable is assumed which may influence
not only the dependent variable but also the effect of the other indepen-
dent variables on the dependent variable. An important assumption of the
model is that the mixture distribution is independent of the other explana-
tory variables.?

Suppose we want to explain C' using the observed variables A and B
and the unobserved variable W as regressors. In that case, the mixed logit
model is given by

Twabe = Tw Tab 7rc|abw ) (310)

where the probability m.|q;, has to be restricted in some way because,
otherwise, the model is not identified. One possibility is to postulate a
logit model in which all regressors influence C' through the two-variable
effects, but in which all higher-order interaction terms are absent.

Another model for categorical data in which a latent variable is used
to correct for unobserved heterogeneity is the discrete-time mized Markov
model (Poulsen, 1982, Langeheine and Van de Pol, 1990, 1994). In this
model, it is assumed that the observed transition probabilities are actu-
ally a mixture of the transition probabilities of several unobserved groups.
This is equivalent to assuming that there is an unobserved variable which
influences the transition probabilities. The mixed Markov model can be
identified without further restrictions when a first-order Markov model is
postulated within the unobserved subgroups. Suppose that S; denotes the
state occupied at time point [, that s; denotes a category of S;, and that
1 <1< 4. Assuming that W is the latent variable, the mixed Markov can
be written as

Tws) s25354 Tw sy |w Tsg|wsy Msz|wse Tsy|wss - (311)

It should be noted that the well-known mover-stayer model (Goodman,
1961) is a special case of the mixed Markov model. It is obtained by
restricting the probabilities 7, .5,_, to be equal to zero if S; # ;1 for
one latent class.

Van de Pol and Langeheine (1990) extended the mixed Markov by incor-
porating observed covariates. Moreover, they combined the mixed Markov

3These models are sometimes also called random-effects logistic regression models
(Willekens, 1994). The approach that is used here is a non-parametric random-effects
approach because the distribution of the latent variable which is included in the regression
model is not parameterized. Sections 4.8 and 5.2 explain the different ways of handling
unobserved heterogeneity in the context of event history analysis in more detail.
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model and the latent Markov model into one general model which they
called the mixed Markov latent class model.

From Equations 3.10 and 3.11, it can easily be seen that both the mixed
logistic regression model and the mixed Markov model are also special cases
of the modified Lisrel model. The same applies to Van de Pol and Lange-
heine’s extensions of the mixed Markov model. Other examples of mixture
models that can be dealt with within the context of modified path analysis
with latent variables are the mixed Rasch model proposed by Rost (1990)
and models for analyzing ranking data (Croon, 1989; Croon and Luijkx,
1993; Bockenholt, 1996) and other types of choice data (Kamakura, Wedel,
and Agrawal, 1992).

3.1.5 Estimation and testing

Obtaining maximum likelihood estimates of the parameters of latent class
models, log-linear models with latent variables, and modified Lisrel mod-
els is a bit more complicated than for log-linear models in which all vari-
ables are observed. Several estimation methods can be used to estimate
the parameters of the models discussed in the previous subsections. The
best known methods are the Newton-Raphson algorithm, including vari-
ants such as Fisher’s scoring algorithm and other quasi-Newton algorithms,
and the Expectation-Maximization (EM) algorithm. Lazarsfeld and Henry
(1968:101-105) have already demonstrated how to apply Fisher’s scoring
method to estimate latent class models, while Goodman (1974a, 1974b)
was the first to use the EM algorithm for estimating latent class models.

Computer programs Fisher’s scoring algorithm is implemented in the
LAT program which was developed by Haberman (1979: Appendix A.2),
while Haberman’s NEWTON program is based on the Newton-Raphson
algorithm (Haberman, 1988). These programs were developed to estimate
latent class models using a log-linear parameterization. Mare and Winship
(1989) showed that with a complicated reparameterization, it is also pos-
sible to estimate modified path models by means of NEWTON. The other
widely available programs for latent class analysis are all based on the EM
algorithm. Clogg’s MLLSA program can be used to estimate the classical
latent class model, including some of its extensions discussed above (Clogg,
1977). Hagenaars and Luijkx’ LCAG program can be used to estimate
classical latent class models and modified Lisrel models with hierarchical
log-linear models (Hagenaars and Luijkx, 1990). The DILTRAN program
can be used to estimate latent class models with different types of linear
restrictions on the log-linear parameters or, more precisely, discrete latent
trait models (Heinen and Vermaseren, 1992). The PANMARK program
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was especially developed for estimating latent and mixed Markov models,
but it can also be used to estimate classical latent class models (Van de
Pol, Langeheine and De Jong, 1989).

The {EM program is the most general program for estimating log-linear
models with latent variables (Vermunt, 1993) since it combines all the fea-
tures of the above-mentioned programs. It can be used to estimate modi-
fied Lisrel models which, as was shown in the previous section, are the most
general models of which all other models are special cases. By means of
Uem , equality, fixed-value, and particular kinds of inequality restrictions
can be imposed on the (conditional) probabilities appearing in a modified
path model with latent variables. In addition, a general multinomial logit
parameterization of the conditional probabilities can be used in which log-
multiplicative effects can be included. It is also possible to use cumulative
link functions leading to models for ordinal dependent variables, that is,
cumulative logit, probit, complementary log-log, and log-log models.

Newton-Raphson and Fisher’s scoring The Newton-Raphson algo-
rithm and Fisher’s scoring algorithm are strongly related gradient search
methods. The difference between them is that Fisher’s scoring algorithm
uses the expected information matrix, or Fisher’s information matrix, while
Newton-Raphson uses the observed information matrix to determine the
optimal step size to improve the parameter estimates. When all variables
of a log-linear model are observed, the procedures are equivalent because,
in that case, the observed and the expected information matrix are iden-
tical (Agresti, 1990:114; Heinen, 1993:287). The main advantage of using
Fisher’s scoring algorithm rather than Newton-Raphson to estimate the pa-
rameters of models with latent variables is that the expected information
matrix can be obtained from the first-order derivatives of the log-likelihood
function. Therefore, it is no longer necessary to compute the second-order
derivatives. Appendix G explains how to obtain the expected information
matrix for modified path models with latent variables. It must be noted
that this version of Fisher’s scoring algorithm for estimating modified path
models with latent variables has not yet been implemented in a computer
program.

The main advantage of using Newton Raphson or Fisher’s scoring in
comparison with the EM algorithm is that they converge very fast when
the model does not contain too many parameters, and, moreover, they
provide standard deviations of the parameter estimates as a by-product.
A major disadvantage is that they need starting values which are close
to the final solution to converge to the maximum likelihood solution (Ha-
genaars, 1988; Heinen, 1993:65). Therefore, Haberman (1988) proposed
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a so-called stabilized Newton-Raphson algorithm, which he implemented
in his NEWTON program (Haberman, 1988). Although in most kinds
of latent class models this algorithm performs better, in particular types
of restricted latent class models, convergence is still problematic (Heinen,
1993:65). Another disadvantage of the Newton algorithms is that when a
model contains many parameters, they may become very time consuming
because of the necessity to compute and to invert the Hessian matrix or
the expected information matrix at every iteration. And finally, numerical
problems may occur when some estimated cell counts go to zero, that is,
when some log-linear parameters go to minus infinity.

The EM algorithm The EM algorithm appears to be a good alterna-
tive (Dempster, Laird, and Rubin, 1977). The main advantage of the EM
algorithm compared with the Newton methods is that it does converge to
at least a local maximum under relatively weak conditions, even with bad
starting values (Wu, 1983). Generally, random starting values are good
enough. Furthermore, the EM algorithm is both conceptually and compu-
tationally very simple. The main disadvantages are that it may need many
iterations to converge and that it does not give estimates of the standard
deviations of the parameter estimates. However, since every EM iteration
is performed relatively fast, it is not problematic that many more iterations
are needed than with the Newton methods. Moreover, standard errors for
the parameter estimates can be computed afterwards, for instance, by com-
puting the inverse of the expected information matrix. The ideal algorithm
would be a composite algorithm which starts with a number of EM itera-
tions and which, when it is close enough to the final solution, at which point
the EM becomes slow and Newton methods become more stable, switches
to one of the Newton algorithms (Titterington, Smith, and Makov, 1985;
Guo and Rodriguez, 1992).4

The EM algorithm is a general iterative estimation procedure which can
be used when there are missing data (Dempster, Laird, and Rubin, 1979).
In log-linear models with latent variables, the scores on the latent variables
are missing. Each EM iteration consists of two steps. The E(xpectation)
step involves computing the expected complete data, given the observed
data and the ‘current’ parameter estimates. In the M(aximization) step,
the complete data likelihood function is maximized. This implies computing

4In the gEMprogram (Vermunt, 1993), standard errors of the log-linear parame-
ters are based on a numerical approximation of the observed information matrix (see
Appendix G). In addition, it is possible to switch to the Newton-Raphson, Broyden-
Fletcher-Goldfarb-Shanno (BFGS), or Levenberg-Maquardt method after some EM it-
erations. For an extended discussion of these algorithms see Press et al. (1986).
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updated estimates of the model parameters as if there were no missing data.
These EM iterations continue until convergence is reached.

Suppose one wants to obtain maximum likelihood estimates for the
model parameters of the modified Lisrel model presented in Equations 3.7
and 3.8. Assuming multinomial sampling, this involves maximizing the
following incomplete data log-likelihood function

log L:(ﬂ—) = Z Nefghabed log Z ’frefgwhyabcd . (312)
efghabed wy

Here, 7¢fgwhyabed denotes the estimated probability of belonging to cell
(e, f,g,w,h,y,a,b,c,d)in joint distribution of the observed and unobserved
variables. Note that in Equation 3.12, the estimated probabilities are col-
lapsed over the dimensions that are missing, i.e., the dimensions pertaining
to the latent variables W and Y.

In the E step of the EM algorithm, the expectation of the complete
data log-likelihood, given the incompletely observed data and the ‘current’
parameter estimates is computed, i.e.,

* . .
log ‘C(ﬂ—) = E Nefgwhyabed log Tefgwhyabed -
efgwhyabed

This log-likelihood function is sometimes also called the complete data like-
lihood. In this equation, ficfgwhyabed denotes an estimated cell count in the
frequency table including the latent dimensions. Thus, the E step involves
computing estimates for the unobserved frequencies of the table including
the latent dimensions, i.e.,

ﬁefgwhyabcd = MNefghabed ﬁwy\efghabcd ) (313)

in which 7yy(efghabea 18 the estimated probability that W = w and Y =y,
given A =a, B=bC =¢, D =d, E=¢, F=f and G = g, in
other words, the probability of the missing data given the observed data,
evaluated using the estimated probabilities resulting from the previous EM
iteration. The quantity ,y|efghabea 1S Sometimes also called the posterior
probability.

In the M step, the complete data log-likelihood function given in Equa-
tion 3.13 is maximized to obtain improved parameter estimates, or equiv-
alently, improved estimated probabilities 7efgwhyabea- In fact, the model
parameters are updated using the 7 fgwhyabea’s as if they were observed cell
counts. For that purpose, the estimation procedures are the same as those
used in the case of log-linear models without missing data. In the M of the
EM algorithm as implemented in the lem program (Vermunt, 1993), it is
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possible to use IPF, uni-dimensional Newton, and the methods proposed
by Goodman (1974b) to estimate unrestricted and restricted conditional
probabilities. For more information about these estimation procedures, see
the subsections on IPF and uni-dimensional Newton in Chapter 2 and the
Appendices E and F.

The new estimates for the estimated probabilities e fgwhyabed are again
used in a new E step to obtain new estimates for the frequencies in the
complete table. The EM iterations continue until convergence is reached,
for instance, until the log-likelihood function given in Equation 3.12 in-
creases less than a specified minimum value or until the parameters no
longer change significantly.

It has been proven that the EM algorithm converges to a local maximum
under rather weak conditions (Wu, 1983). However, there is no guarantee
that the global maximum of the likelihood function will actually be found.
Therefore, it is recommended that the model of interest be estimated us-
ing different sets of starting values (Hagenaars, 1990:112; Formann, 1992).
When all runs lead to the same value of the likelihood function, it is more
certain that the global maximum has been found. On the other hand, if
different solutions are found using different sets of starting values, the so-
lution with the highest likelihood value is to be preferred. But, as with
any kind of model which is known to have local maxima, one can never
be completely sure that the global maximum of the likelihood function has
been found.

Modifications of EM The algorithm used in UEM is a modified version
of the true EM algorithm because the M step consists of only one iteration.
Generally, therefore, the complete data likelihood is not maximized but only
improved within a particular M step. This is a special case of the GEM
algorithm which states that every increase in the complete data likelihood
also leads to an increase of the incomplete data likelihood that actually has
to be maximized (Dempster, Laird, and Rubin, 1977; Little and Rubin,
1987). Rai and Matthews (1993) called this version of the EM algorithm
the EM1 algorithm.

The algorithm which is used in lEM is also a special case of the ECM
algorithm (Meng and Rubin, 1993), in which the M step is replaced by
a conditional maximization (CM) step. Conditional maximization means
that instead of improving all the parameters simultaneously, subsets of
parameters are updated fixing the others at their previous values. This is
exactly what is done using IPF and the uni-dimensional Newton algorithm.
Meng and Rubin (1993) state that such simple and stable linear convergence
methods are often more suitable for the M (or CM) step of the EM (or
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ECM) algorithm than superlinear converging but less stable algorithms as
Newton-Raphson.

In most situations, this GEM, EM1 or ECM algorithm converges in
about the same number of (EM) iterations as the true EM algorithm. This
means that when the M step needs more than one (M) iteration to con-
verge, the modified EM algorithm is faster than the true EM algorithm.
However, experience with £EM has shown that sometimes it is more effi-
cient to perform more than one M iteration. This is true in models in which
the uni-dimensional Newton algorithm takes numerous iterations in order
to converge. As was mentioned in the previous chapter, if the parameters
are highly correlated, this algorithm requires a large number of iterations
in order to converge. In such cases, it may be more efficient to perform,
for instance, five M iterations when using £ EM, especially if the M step is
faster than the E step.

Identifiability It is well known that the parameters in models with latent
variables cannot always be uniquely determined. Of course, as in log-linear
models without latent variables, it is necessary that the number of indepen-
dent parameters does not exceed the number of observed frequencies. In
models with latent variables this is not a sufficient condition for identifia-
bility. According to Goodman (1974b), a sufficient condition for local iden-
tifiability is that the information matrix is positive definite (see Appendix
G). Therefore, when using Fisher’s scoring method or Newton-Raphson to
estimate the parameters of a log-linear model with latent variables, the iden-
tifiability of a model is automatically checked. Some programs which are
based on the EM algorithm, such as PANMARK (Van de Pol, Langeheine,
and De Jong, 1988) MLLSA (Clogg, 1977), and gEM, also make it possi-
ble to check the identification of the parameters. Another way of checking
identifiability when using the EM algorithm is to estimate the given model
using different sets of starting values. If different sets of starting values re-
sult in the same value for the log-likelihood function but different parameter
estimates, the model is not identifiable (Hagenaars, 1990:112).

Testing Log-linear models with latent variables can be tested in the same
fashion as the log-linear models discussed in the previous chapter. Both the
likelihood-ratio chi-square statistic L? and the Pearson chi-square statistic
X? may be used to compare the observed frequencies with the estimates
of the expected manifest frequencies. The estimated expected frequencies
Me fgwhyabed CaN be obtained by multiplying the estimated probabilities
Tefguwhyabed Dy the sample size N. The likelihood-ratio chi-square statistic
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can be obtained by

Nefghabed

2
L = 2 Z Nefghabed 10g Z ™ .
efghabed wy 'Ttefgwhyabed

Note that the "Mcfgwhyabed have to be collapsed over the latent dimen-
sions to obtain the estimated expected frequencies in the observed table
EFGHABCD.

As in the case of log-linear models without latent variables, conditional
tests may be used to compare nested models. However, it should be noted
that although latent class models with different numbers of latent classes
are nested, they cannot be tested against each other using conditional L?
tests. The reason for this is that the more parsimonious model, the model
with fewer latent classes, can only be expressed as a restricted version of the
less parsimonious model by fixing one or more latent proportions to zero.
The asymptotic theory no longer holds because these latent proportions are
on the boundary of the parameter space (Titterington, Smith, and Makov,
1985; Formann, 1992).° Everitt (1988) examined the distribution of the
conditional L? statistic for pairs of nested latent class models and found
that L2 was not distributed as x2. The use of the AIC and BIC information
criteria does not resolve the testing problem because they rely on the same
regularity conditions as the chi-square statistics (Heinen, 1993:73).

3.2 Nonresponse

The previous section discussed one type of missing data problem in log-
linear analysis, that is, how to formulate models when one or more variables
are completely unobserved. In this section, attention is given to another
type of missing data problem. Log-linear models are presented which can
be used when the scores on particular variables are partially missing.

In most studies, the values of one or more variables are missing for
subsets of the original sample. It is common practice in such cases to use
only the complete observations in the analysis. This leads to less powerful
statistical tests and, if the nonresponse is selective, to biased parameter es-
timates. However, methods have been developed which can also make use
of partially observed information in fitting log-linear models. These meth-
ods are analogous to methods developed to deal with partially observed
continuous data (Marini, Olsen, and Rubin, 1979; Allison, 1987; Muthén,
Kaplan, and Hollis, 1987).

51t should be noted that this does not only hold for the latent proportions, but for
any probability appearing in the models discussed so far. It is never allowed to use a
conditional L? test to investigate whether a probability equals zero.
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Suppose there is a four-way contingency table composed of the variables
A, B, C, and D, for which the values of C, D, or both are missing for a
part of the sample. On the basis of the nonresponse patterns, it is possible
to divide the observations into four subgroups. Subgroup AB consists of
the subjects for which only the values of A and B are known; for subgroup
ABC, only A, B, and C are observed; for subgroup ABD, C is missing;
and finally, for subgroup ABC D, all variables are observed. The observed
frequencies for these four subgroups will be denoted as 144, Tabe, Mabd, and
Nabed, Tespectively. The sizes of the subgroups will be denoted as N4B,
NABC NABD gnd NABCD respectively.

3.2.1 Assumptions about the response mechanism

Different kinds of assumptions can be made with regard to the mechanism
causing the missing data. Generally, three basic types of mechanisms are
distinguished: missing completely at random (MCAR), missing at random
(MAR), and not missing at random (NMAR) (Rubin, 1976; Little, 1982;
Little and Rubin, 1987). MCAR means that the nonresponse is independent
of the variables included in the analysis. In other words, when the missing
data is MCAR, the probability of having a particular pattern of nonresponse
is assumed to be equal for each cell of the ‘hypothetical’ complete table.
The much less restrictive MAR, assumption implies that the probability of
having a particular pattern of nonresponse depends only on the observed
variables in the nonresponse pattern or subgroup concerned. For example,
MAR means that for a given individual who only has a missing value on
D (subgroup ABC), the probability of nonresponse on D may depend on
A, B, and C, but not on D. For an individual who has missing values on
both C' and D (subgroup AB), the probability of not observing C and D
may only depend on A and B. If the missing data are not MAR or MCAR,
they are NMAR. This occurs when the probability of having a particular
pattern of nonresponse depends on the variables with missing values in
the nonresponse pattern concerned. For example, the response mechanism
is MCAR if for subgroup ABC' the probability of nonresponse on D also
depends on D, or if for subgroup AB the probability of nonresponse on
both C and D also depends on C', D, or both.

Besides the distinction between MCAR, MAR, and NMAR response
mechanisms, there is another strongly related distinction when dealing with
partially observed data, that is, whether the missing data mechanism is ig-
norable or nonignorable for likelihood-based inference. According to Rubin
(1976), the missing data mechanism is ignorable for likelihood-based infer-
ence if two conditions are fulfilled, namely, if the missing data are MAR and
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if the parameters of the structural model® and the parameters associated
with the response mechanism are distinct (see also Little, 1982, and Little
and Rubin, 1987). The condition that the two sets of parameters must be
distinct means that no restrictions may be imposed between the parameters
of the structural model and the parameters describing the response mech-
anism. As is demonstrated below, this condition is almost always fulfilled.
Therefore, for practical applications, ignorability can be equated to MAR.

The consequence of ignorability is that the parameter estimates are
identical regardless of the precise ignorable mechanism causing the missing
data, and that, therefore, the response mechanism can be ignored when
estimating the structural parameters. This is possible because in that case,
the likelihood can be factored into a part containing the structural parame-
ters and a part containing the information on the missing data mechanism.
On the other hand, such a factorization is impossible when the response
mechanism is NMAR or when the two sets of parameters are not distinct,
and, therefore, the response mechanism is nonignorable.

Assuming a multinomial sampling scheme for the same variables and
subgroups as above, estimation of a log-linear model with partially observed
data involves maximizing the following incomplete data likelihood

log ‘C(ﬂ',@) = Znabcd log Tabed HABCD\abcd
abcd

+ g Nabe logE Tabed 0 ABC|abed
abc d

+ E nadeOgE Tabed Y ABD|abed
abd c

+ 1ap108 Y Tabed 0aBjabed

ab cd

where

0aBCD|abed + 0aBC|abed T 0aBDIabed + 0aBlabea = 1.

Here, 0 4pc|abeds 0ABC|abeds 0ABD|abeds and 0 4B|apea denote the conditional
probability of belonging to subgroup ABCD, ABC, ADC, and AB, re-
spectively, given that A = a, B =0, C = ¢, and D = d. The 0’s, or the
response probabilities, contain the parameters associated with the response
mechanism. The missing data are MAR if the €’s are independent of the

6The term structural model is used to denote the model for the variables which
relationships we are interested in. In the context of this section, the structural model
will be a (causal) log-linear model.



T0CHAPTER 3. LOG-LINEAR ANALYSIS WITH LATENT VARIABLES AND MISSING DA’

missing variables in the subgroup concerned, that is, if

0aBClabed = 0aBClabe s (3.14)
0aBDlabed = 0ABD|abd > (3.15)
OaBlabca = 0aBlab (3.16)
OaBcplabeda = 1 —0aBc|abe — 0aBD|abd — OaBab - (3.17)

In that case, the likelihood function can be factored into a component
which depends solely on the log-linear parameters and a component which
depends solely on the response mechanism:

log Lixg) = logLx) +log L,

where

108; E(ﬂ') = Znabcd IOg Tabed 1 Znabc log Z Tabed
abed abe d

+ Znabd log Z Tabed + Znab log Z Tabed 5
ab cd

abd c

and

10g L) = Y Nabcal080aBcDlabed + P _Mabe 1080450 abe
abcd abc

+ > naba10g0apDjabd + Y Mab108045ab -
abd ab

If, in addition, no restrictions are imposed across the parameters determin-
ing the #’s and the parameters determining the 7’s, the two parts may be
maximized separately. This means that the structural parameters can be
estimated without estimating the parameters of the response mechanism.
For this reason, the response mechanism is called ignorable for likelihood-
based inference.

The constraints imposed on the #’s in Equations 3.14-3.17 to make the
response mechanism ignorable are the least restrictive ones. There are
as many free 0’s as observed frequencies in the subgroups with partially
observed data. Actually, a ‘saturated” MAR model is assumed for the
response mechanism. In other words, it is a model which uses all the
additional degrees of freedom obtained by using the partially observed data.
Of course, it is also possible to impose more restrictive constraints on the
0’s. Assuming the 6’s to be equal for every value of A, B, C, and D, for
instance, provides MCAR missing data. There are several ‘non-saturated’
MAR models which are less restrictive than the MCAR model but more
restrictive than the ‘saturated’ MAR model. All of these MAR models lead
to the same parameter estimates for the structural model.
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3.2.2 Fuchs’s approach

Extending earlier work by Chen and Fienberg (1974), Hocking and Ox-
spring (1971, 1974), and Chen (1979) on the treatment of missing data in
the analysis of categorical data, Fuchs (1982) demonstrated how to estimate
the parameters of a log-linear model by means of the EM algorithm in cases
in which the nonresponse is ignorable (Dempster, Laird, and Rubin, 1977).
As always, the E step of the EM algorithm involves computing the condi-
tional expected complete data likelihood. Because of the ignorability of the
response mechanism, only the part depending on the log-linear parameters
needs to be considered, or

lOg L?ﬂ) = Zﬁabcd log 7?r(/v,b(:d .
abed

This involves obtaining estimates for the frequencies in the complete table
ABCD by

fabed = Mabed T Nabe Tdjabe + Nabd Te|abd + Tab Ted|ab -

In the M step, improved estimates for the probabilities 7454 are obtained by
maximizing the complete data likelihood using 74pcq as if you were dealing
with observed frequencies.

It should be noted that when applying the above-mentioned procedure,
caution should be exercised if there are observed zeros in the sufficient
statistics for the subgroup for which all variables are observed. In such
cases, the starting values may determine the final estimates of particular
parameters (Fuchs, 1982).

To test the fit of a postulated log-linear model, Fuchs proposed obtaining
the 0’s as follows:

0apcp = NABCP/N,
0apc = NABY/N,
0app = N4BP/N,
0,5 = NAB/N

which is, in fact, equivalent to assuming that the missing data is MCAR.
This leads to the following likelihood chi-square statistic,

2 Nabed Nabe
= 2 E Nabed IOg +2 § Nabe log ~ =~ .
oo Mabed 9ABCD > a Mabed 9ABC

+2 Z Nabd log
abd

abe

+ 2 Z Nab log

> e Mabed 9ABD > ed Mabed 9AB
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It can be seen that the estimated expected frequencies for the complete
table, Mgpeq, are proportionally divided over the subgroups. Since this
amounts to assuming that the missing data are MCAR, this L? statistic
simultaneously tests the fit of the postulated log-linear model and the va-
lidity of the MCAR assumption. This is, however, not a problem because
the fit of the log-linear model of interest can be tested indirectly by means
of a conditional L? test. For that purpose, the saturated model, model
{ABCD}, has to be estimated. Since the saturated model itself fits per-
fectly, the L? that is obtained for this log-linear model only tests the validity
of the MCAR. assumption. By subtracting the L? value of the saturated
log-linear model from the L? value of the model of interest, one obtains a
test for the model of interest. This is a test under the weakest ignorable
type of missing data, that is, MAR nonresponse.

3.2.3 Fay’s approach

Sometimes one is interested in testing assumptions about the ignorable re-
sponse mechanism itself. Also, it is possible that one wants to specify a
nonignorable response mechanism. In such cases, the method proposed by
Fuchs is not appropriate. Chen and Fienberg (1974) proposed a method
for relaxing the MCAR assumption by simultaneously modeling and testing
the log-linear model for the variables of interest and the response model.
They demonstrated how to estimate the # parameters under different types
of ignorable response mechanisms. Nordheim (1984) considered nonignor-
able response mechanisms, or NMAR missing data, for a partially observed
binary response variable. By fixing the 6’s to particular values, he evaluated
the sensitivity of the parameters of the structural model to the assumptions
about the response mechanism.

Causal models for nonresponse using indicator variables Little
(1985), Fay (1986), and Baker and Laird (1988) presented methods based on
defining response indicators for the variables which are partially observed.
Using these methods, it is possible to specify either ignorable or nonignor-
able response mechanisms. Little (1985) used hierarchical log-linear models
for the joint distribution of two ordinary variables and two response indi-
cators (see also Winship and Mare, 1989). Fay (1986) and Baker and Laird
(1988) used recursive causal log-linear models, or modified path models, in
which the response indicators are treated as dependent variables. Below,
the procedure which was proposed independently by Fay and by Baker and
Laird is presented using the same example as above.

Let R and S denote two response indicators, in which R indicates
whether C' is observed or not observed and S indicates whether D is ob-
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served or not observed. If variable C' is observed, R takes the value 1,
otherwise R takes the value 2. If variable D is observed, S equals 1, and
if D is missing, S equals 2. It is clear that the different subgroups can be
identified by the levels of R and S. If a given individual has R = 1 and
S = 2, then C is observed and D is missing, which means that individual
belongs to subgroup ABC.

The procedure proposed by Fay (1986, 1989) consists of using these
response indicators together which the other variables in a modified path
model. More precisely, a log-linear path model is used to specify both a
model for the structural variables and a model for the response mechanism.
According to Fay, the response indicators may never appear as independent
variables in a logit equation in which a structural variable or a research
variable is explained. This can easily be accomplished by specifying the
model for the structural variables in the first modified path steps and the
response model in the last steps. The modified path model for the joint
distribution of the structural variables A, B, C, and D, and the response
indicators R and S could, for instance, be

Tabedrs =  Tabed Trs|abed s (318)

where 7,.4qpcq denotes the probability that R = r and S = s, given an
individual’s scores on A, B, C, and D. In fact, these 7’s have the same
meaning as the 6’s. Note that it is also possible to split 7,.4apcq into two
separate modified path steps: 7 qpcq and Tgjqpear- This is necessary if R and
S are time ordered, for instance, if R and S indicate whether a respondent
participated in the first or the second wave of a panel study, respectively.
Of course, the structural model may also be in the form of a modified path
model.

The conditional probability 7, .5cq may be restricted by means of a
logit model. Suppose that the probability of responding on C' (the score on
R) depends on D and that the probability of responding on D (the score on
S) depends on C. Moreover, as in the case of MCAR nonresponse, assume
that R and S are related. This leads to the following logit model for the
joint distribution of R and S

exp (uf” + uss + uﬁf + uﬁiD + usscc)

R S RS RD SCY’
rs EXP (ur + Uy + Upg + g + Wse )

Trslabed = Trsled = Z (319)

It can be seen that the dependence of R on D and of S on C involves in-

cluding the interaction terms ufP and 45¢ in the model for the response
rd sc
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mechanism. Note that the inclusion of the interaction term uf%® in the
response model fixes the margin RS, or equivalently, the sizes of the sub-
groups.

Ignorable versus nonignorable response mechanisms It should be
noted that there is not always a simple one-to-one correspondence between
the log-linear models for the response mechanism and the classification of
types of missing data discussed above. For instance, in the case of the log-
linear model for nonresponse specified in Equation 3.19 one would perhaps
expect that the missing data are assumed to be MAR, which would imply
that the response mechanism is ignorable, since the variables with missing
data do not influence their own response indicators. Nonetheless, the miss-
ing data are assumed to be NMAR. This can be seen by writing down the
response probabilities for the different values of R and S in the terms of
log-linear parameters, i.e.,

exp (u{2 + uls + uﬁs + ude + ulscc)

OABCDlabed = Til|ed = > . exp (uff + ud + ulS + ufP + uSC)’
eABC\abcd = M12ed = exp (u{% + UQS + U{%QS + u{%dD + ug(.C) |
T oo (uff 4 uf + ufiS w4 uil)
GABD\abcd = 7T21|cd — €xp (uQR + uf + 'LLQRlS + ung + uigCC') |
Xro o (uf o+ uf + w4 P+ uSC)
0ABlabed = T22jed = exp (ug’ +uf + ugy’ +ugid +ui)
abc led

Sosexp (ulfl +uf 4+ ultS + ultP +uSC)

Because of the appearance of the parameter uZP in its logit expression,
0ABC|abea 18 not independent of the value of D. The same argument ap-
plies to 0 4Bpjabed and 04 pjavca Which both depend on C' and D as well.
Actually, all the response probabilities are influenced by both C' and D be-
cause the response probabilities must sum to unity within every level of the
joint variable C'D, which is accomplished by the scaling factor appearing
in the denominator of the logit equations. As a result, the missing data are
NMAR. This phenomenon, which is also mentioned by Winship and Mare
(1989), occurs because the response probabilities depend on variables with
missing data. Even if the variables C' and D do not have a direct effect on
their own response indicators, the parameter estimates for the structural
model differ from the estimates under an ignorable response model. This
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means that the response mechanism is nonignorable. So, it is necessary to
be cautious when labeling log-linear response models as MAR or ignorable.
These terms refer only to the fact that the response mechanism can be ig-
nored for likelihood based inference about the structural parameters, and,
consequently, they do not always have the expected substantive meaning.

The most restrictive ignorable response mechanism is obtained when
the log-linear response model does not incorporate interaction effects be-
tween the structural variables and the response indicators, that is, when
the data are postulated to be MCAR. In the example, this would imply
that m,.gabca = 7rs- On the other hand, the least restrictive mechanism
which is still ignorable is obtained when the response indicators depend on
all variables which are observed for all persons, including all their higher
order interaction terms. In this case, the most extended ignorable log-
linear response model is obtained by assuming that m,.s|apcd = Trsjap, Which
is equivalent to a non-saturated’” MAR mechanism. A ‘saturated” MAR
model cannot be specified with a log-linear model for 7,.5|qpcq- Such a model
can only be obtained by imposing the restrictions described in Equations
3.14-3.17 directly on the response probabilities.

Monotone patterns of nonresponse When the nonresponse follows a
monotone pattern, is it possible to formulate a log-linear path model for
the response mechanism which is equivalent to a ‘saturated’” MAR model,
or, in other words, a response model which uses all the additional degrees
of freedom obtained by using the partially observed data. A monotone
pattern of nonresponse means that the variables can be ordered in such a
way that a missing score on one particular variable implies having missing
scores on all subsequent variables too. Such patterns of nonresponse occur
often in social research, especially in panel studies, where nonresponse at
one point in time often implies nonresponse at the next points in time.
Suppose we have data from a panel study in which A, B, C, and D are
measurements of the same variable at four points in time. Moreover, assume
that there are four subgroups: A, AB, ABC, and ABCD. Subgroup A only
participated on the first occasion, subgroup AB on the first and the second
occasion, subgroup ABC on the first three occasions, and subgroup ABC'D
on all four occasions. This yields a monotone or nested missing data pattern
since if B is missing, C' and D are missing as well, and if C' is missing, D is
missing as well. Let R, S, and T be the response indicators for B, C, and
D, respectively. In this case, a ‘saturated” MAR model is obtained when

Trstlabed = Tr|la Tslabr Tt|abers -

As a result of the monotone pattern of the missing data, certain probabili-
ties are structurally equal to one. More precisely, if R =2, .S = 2 as well,
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and if S = 2, T = 2 too. Therefore, ﬂ'f‘abz =1 and 7r2T|ab12 = 772T‘ab22 = 1.
Using this additional information, the 6’s are given by

QABCD\abcd = Tilllabed = Wﬁa Wﬁablﬂﬁabcu )
QABC\abcd = T112|abed = Wﬁa Wﬁablﬂaabcll )
GAB\abcd = T122|abed = ﬂ_ﬁa 7T2S|ab1 y
OAlabed =  T222|abed = Wﬁm

It can easily be seen that the missing data are MAR, since the probability of
belonging to a particular subgroup depends only on the observed variables
in the subgroup concerned.

Estimation via the EM algorithm Let us return to the model rep-
resented in Equations 3.18 and 3.19. Maximum likelihood estimation of
the parameters of this model involves maximizing the following incomplete
data log-likelihood function,

logﬁ(w) = E Nabed log TabedT11|abed + E Nabe log E TabedT12|abed
abcd abc

d
+ § Nabd IOg § TabedT21|abed + E Nap log E TabedT22|abed -
abd c ab cd

The simultaneous estimation of the model for the relationships between A,
B, C, and D and the model for the response mechanism can be accom-
plished via the EM algorithm. In the E step, the conditional expectation
of the complete data, that is, the unobserved frequencies 7i4pedrs, have to
be computed by means of

ﬁabcdll = MNabed »
flabed12 = Mabe Wd|abel2 »
Nabed21 = TNabd Te|abd21 »
Nabed22 = MNab Ted|ab22 -

Note that unlike the E step for models with latent variables (see Equation
3.13), here the posterior probabilities are subgroup specific because each
subgroup has different missing data to be estimated.

In the M step, improved estimates for the parameters of the modified
path model are obtained by maximizing the complete data log-likelihood

IOg »C)(k,n,) = Z Aabedrs log Tabed Trs|abed -

abedrs
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Testing The model can be tested by means of the likelihood-ratio statistic

Nabed Nabe
1?2 = 2 alog [ ——— ) +2 abel0g | =5 "~
Znabcd og ( ~ ) + Z’I’L be 108 (Zd 77A7Jabcd12)

m
abed abedll abc
Nabd Nab
+2 § Nabd IOg <A> + 2 Nap log <A> .
abd ZC Mabed21 b ch Mabcd22

This is a simultaneous test for the structural model and the response model.
The assumptions regarding the response mechanism and the structural
model can be tested separately by means of conditional tests. The number
of degrees of freedom is

df = number of cells — number of independent u parameters,

where the number of cells is the sum of the number of cells of all subgroups,
and the number of independent u parameters is the sum of the number of
independent parameters of the structural model and the response model.

Latent variables and nonresponse As demonstrated by Hagenaars
(1985, 1990:257), Fuchs’s method can also be used to deal with nonre-
sponse in latent class models and other types of log-linear models with
latent variables. In that case, there is a double missing data problem,
namely: partially unobserved and completely unobserved variables. The
same kind of solution was used by Vermunt (1988, 1994, 1996) to make
Fay’s method applicable to log-linear path models with latent variables
(see also Hagenaars, 1990:260).

Suppose we want to estimate a model which apart from the completely
and partially observed variables A, B, C, and D contains the latent vari-
ables W and Y. In that case, the E step of the EM algorithm changes
into

ﬁwyabcdll = TNabced ’frwy|abcd11 )
ﬁwyabcde = TNabc ﬁwyd|ab012 )
Nwyabed2l =  Nabd Twyc|abd21 »
’ﬁ‘wyabcd22 = TNab 7?rwycd|ab22 .

Note that for each subgroup, both the values of the missing variables and
the values of the latent variable are estimated. The M step proceeds in the
same way as discussed above.

Computer programs Several programs have been developed which can
be used to estimate log-linear models with partially observed variables. In
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the LCAG program (Hagenaars and Luijkx, 1990), the method developed
by Fuchs is implemented, including Hagenaars’s extension for models with
latent variables. Although it is rather complicated, LCAG can also be
used to specify models with response indicators (Vermunt, 1988). In the
Cem program (Vermunt, 1993), Fay’s method is the standard way to treat
partially observed data. Moreover, models which contain both partially and
completely unobserved variables can be handled by the extension of Fay’s
method presented above. In addition, Haberman’s NEWTON program,
which uses a Newton algorithm instead of EM, can be used to estimate
models with partially observed data (Haberman, 1988).
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Figure 3.4: Local dependence model

//:E

L W ;H\‘Y
Wz

Figure 3.5: Modified Lisrel model

V)

B




S80CHAPTER 3. LOG-LINEAR ANALYSIS WITH LATENT VARIABLES AND MISSING DA’



Chapter 4

Event history analysis

The main characteristic of event history data is that it provides informa-
tion on the times at which individual transitions between a number of dis-
crete states occurred. Because of the growing availability of event history
data, techniques for analyzing this kind of data are becoming increasingly
popular in the social sciences. There are many textbooks which describe
the fundamentals of this type of model (Kalbfleisch and Prentice, 1980;
Cox and Oakes, 1984; Lawless, 1982; Tuma and Hannan, 1984; Blossfeld,
Hamerle, and Mayer, 1989; Lancaster, 1990; Yamaguchi, 1991; Courgeau
and Lelievre, 1992; Blossfeld and Rohwer, 1995). The aim of this chapter is
to give an overview of event history models, to investigate the relationship
between event history models and the log-linear models discussed in Chap-
ter 2, and to discuss all kinds of problems associated with the analysis of
event history data.

The first section discusses the characteristics of event history data and
explains the necessity of special techniques for analyzing this kind of data.
Section 4.2 deals with the basic statistical concepts. Models for the anal-
ysis of event history data, or hazard models, are introduced in section
4.3. After discussing the choice of the dependent variable and presenting a
classification of hazard models, attention is given to the three main types
of hazard models: parametric models, Cox’s semi-parametric model, and
discrete-time models.

Section 4.4 discusses the relationship between event history models and
the log-linear models presented in Chapter 2. More precisely, it shows that
particular kinds of event history models are equivalent to the log-rate model
which was presented in section 2.6.

While sections 4.3 and 4.4 deal strictly with the simplest kinds of haz-
ard models, that is, models for a single non-repeatable event with time-
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constant covariates, the last four sections of this chapter illustrate how the
main principles of hazard modeling can be generalized to more complex sit-
uations. Furthermore, a number of problems associated with the analysis
of event history data are discussed, some of which can be solved by means
of the event history models with latent variables and missing data which
are discussed in the next chapter.

Section 4.5 discusses the issue of censoring. Censoring is a form of
missing data which is inherent to event history data. Section 4.6 deals with
the potentials and pitfalls of dynamic modeling. Event history models are
dynamic models because of the possibility of regressing the hazard rate
on different kinds of time variables, on time-varying covariates, and on
interactions between time and covariates. It is shown that the problems of
selection bias, unobserved heterogeneity, and reverse causation can hamper
the causal interpretation of effects.

Section 4.7 presents models which can be used when there are different
types of events. These models are often called competing risks models. The
most general class of event history models, i.e., multivariate hazard models,
are presented in section 4.8. Included in the family of multivariate hazard
models are models for repeatable events, multiple-state models, models for
clustered observations, and models for different types of life-course events.
Special attention is given to the relationship between discrete-time multiple-
state models and the modified path models discussed in Chapter 2, and to
the problem of dependence among events.

It should be noted that in this chapter it is assumed that all covariates
are fully observed. Event history models with partially or totally missing
covariates are presented in Chapter 5. However, when discussing particular
problems associated with event history modeling, the use of models with
unobserved variables are sometimes mentioned as a possible solution.

4.1 Why event history analysis?

In order to understand the nature of event history data and the purpose
of event history analysis, it is important to understand the following four
elementary concepts: state, event, duration, and risk period (Yamaguchi,
1991:1-3). These concepts are illustrated below using an example from the
analyses of marital histories.

The first step in the analysis of event histories is to define the rele-
vant states which are distinguished. The states are the categories of the
‘dependent’ variable the dynamics of which we want to explain. At every
particular point in time, each person occupies exactly one state. In the
analysis of marital histories, four states are generally distinguished: never
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married, married, divorced, and widow(er). The set of possible states is
sometimes also called the state space (Tuma and Hannan, 1984:45).

An event is a transition from one state to another, that is, from an
origin state to a destination state. In this context, a possible event is
‘first marriage’, which can be defined as the transition from the origin
state, never married, to the destination state, married. Other possible
events are: a divorce, becoming a widow(er), and a non-first marriage. It
is important to note that the states which are distinguished determine the
definition of possible events. If only the states married and not married were
distinguished, none of the above-mentioned events could have been defined.
In that case, the only events that could be defined would be marriage and
marriage dissolution.

Another important concept is the risk period. Clearly, not all persons
can experience each of the events under study at every point in time. To
be able to experience a particular event, one must occupy the origin state
defining the event, that is, one must be at risk of the event concerned.
The period that someone is at risk of a particular event, or exposed to a
particular risk, is called the risk period. For example, someone can only
experience a divorce when he or she is married. Thus, only married persons
are at risk of a divorce. Furthermore, the risk period(s) for a divorce are
the period(s) that a subject is married. A strongly related concept is the
risk set. The risk set at a particular point in time is formed by all subjects
who are at risk of experiencing the event concerned at that point in time.

Using these concepts, event history analysis can be defined as the anal-
ysis of the duration of the nonoccurrence of an event' during the risk pe-
riod (Yamaguchi, 1991:3). When the event of interest is ‘first marriage’,
the analysis concerns the duration of nonoccurrence of a first marriage, in
other words, the time that individuals remained in the state of never being
married. In practice, as will be demonstrated in section 4.3, the dependent
variable in event history models is not duration or time itself but a rate.
Therefore, event history analysis can also be defined as the analysis of rates
of occurrence of the event during the risk period. In the first marriage ex-
ample, an event history model concerns a person’s marriage rate during the
period that he/she is in the state of never having been married.?

Why is it necessary to use a special type of technique for analyzing event
history data? Why is it impossible to relate the incidence of an event
within the period of the study to a set of covariates simply by means of, for

1Other terms which are used instead of duration are waiting time, sojourn time, and
failure time.

2While the aim of event history analysis is explaining the occurrence of events, re-
cently, Allison (1994) proposed methods for estimating the effects of events.
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instance, a logit model, in which the binary dependent variable indicates
whether a particular event occurred within the observation period or not?
This is, in fact, what is generally done in the analysis of categorical data
collected by means of a two-wave panel. If using such a logit modeling
approach were a good strategy, it would not be necessary to use special
types of methods for analyzing event history data. However, as will be
demonstrated below, such an approach has some significant drawbacks.

Suppose there are data on intra-firm job changes of the employees work-
ing at company ‘C’ which have to be used to explain individual differences
with regards to the timing of the first promotion. In other words, the aim
of the study is to explain why certain individuals in company ‘C’ remained
in their first job longer than others. A single binary dependent variable
could be defined indicating whether a given individual received a promo-
tion within, for instance, the first five years after gaining employment in the
company concerned. This dependent variable could be related to a set of
covariates, such as age, work experience, job level, educational level, family
characteristics, and work-related attitudes by means of a logit model.

Although such a simple logit approach can be quite valuable, it has four
important drawbacks (Yamaguchi, 1991:9). All of them result from the
fact that the choice of the period in which the event may have occurred
or not is arbitrary. The first problem is that it leads to a severe loss of
information since the information on the timing of a promotion within the
five-year period, on the promotions that occur after the five-year period,
and on the duration of the nonoccurrence of promotions after the five-year
period is not used.

The second problem of the approach with a single binary dependent
variable is that it does not allow the covariate effects to vary with time; in
other words, it cannot contain covariate-time interactions. Suppose that the
effect of the variable educational level changes with time, or more precisely,
that highly-educated employees have a higher probability of being promoted
in the first three years that they work at company ‘C’, while less educated
individuals have a higher probability after three years. In that case, the
results will heavily depend on the choice of the length of the time interval.
If a short time interval is used, a strong positive effect of the educational
level will be found, while longer intervals will lead to a smaller positive
effect or perhaps even to a negative effect of the same explanatory variable.

The third disadvantage to the logit approach is that it cannot deal with
time-varying covariates. An example of a covariate that can change its
value during the five-year period is the number of children that someone
has. It may be of interest to test whether the number of children a woman
has influences the probability of getting promoted. It is clear that in a real
dynamic analysis, it must be possible to use covariates which change their
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value over time.

The last problem of the simple logit model is that is cannot deal with
observations which are censored within the five-year period. In this case,
there may be two types of censored observations: individuals who leave be-
fore working five years at the company concerned and before getting a first
promotion, and individuals who had worked less than five years at company
‘C’ and had not yet been promoted at the time that the data were collected.
These two types of observations have in common that they provide the in-
formation that the event of interest did not occur during a given period of
time, but they do not provide information on whether the event does oc-
cur during the remaining part of the five-year period. Actually, censoring
is a form of partially missing data. When using the logit approach, it is
not clear what should be done with such censored observations. Ignoring
the censored observations implies that the information on non-promotion
during a given period of time is not used. On the other hand, incorporat-
ing the censored observations in the analysis as observations on individuals
that did not experience an event adds information, namely, that they would
not have experienced an event if they had worked for at least five years at
company ‘C’.

Clearly, special techniques are needed which overcome these disadvan-
tages of the simple logit approach discussed above and which fully use the
richness of event history data. Before presenting these models, some basic
concepts have to be introduced.

4.2 Basic statistical concepts

The manner in which the basic statistical concepts of event history models
are defined depends on whether the time variable T, indicating the duration
of nonoccurrence of an event, is assumed to be continuous or discrete. Of
course, it seems logical to assume T to be a continuous variable. However,
in many situations this assumption is not realistic for two reasons. Firstly,
in many cases, T' is not measured accurately enough to be treated as strictly
continuous. An example of this is measuring the duration variable age of
the mother in completed years instead of months or days in a study on the
timing of the first birth. This will result in many women having the same
score on T', which is sometimes also called grouped ‘survival’ times.
Secondly, the events of interest can sometimes only occur at particular
points in time. Such an intrinsically discrete T occurs, for example, in
studies on voting behavior. Since elections take place at particular points
in time, changes in voting behavior can only occur at particular points in
time. Therefore, when analyzing individual changes in voting behavior, the
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time variable must be treated as a discrete variable. However, if we want to
explain changes in political preference rather than in voting behavior, we
again have a continuous time variable since political preference may change
at any point in time.

4.2.1 Continuous time

Suppose T is a continuous non-negative random variable indicating the
duration of nonoccurrence of the event under study, in other words, the
time that the event under study occurred. Let f(t) be the probability
density function of T, and F(t) the distribution function of T'. As always,
the following relationships exist between these two quantities,

o) = mnP@<T<t+N): OF (1)

At—0 ot

F(t)y = P(T<t) /f

The survival probability or survival function, indicating the probability of
nonoccurrence of an event until time ¢, is defined as

S(H) = 1-F(t)=P(T>1) / flu

Another important concept is the hazard rate or hazard function, h(t),
expressing the instantaneous risk of experiencing an event at 7' = ¢, given
that the event did not occur before t. The hazard rate is defined as

Pt <T<t+AtT >1t) f(®)

Y Ok (4.1)

in which P (t <T < t+ At|T > t) indicates the probability that the event
will occur during [t < T < t+ At], given that the event did not occur before
t. The hazard rate is equal to the unconditional instantaneous probability
of having an event at T' = ¢, f(t), divided by the probability of not having
an event before T' = ¢, S(t). It should be noted that the hazard rate itself
cannot be interpreted as a conditional probability. Although its value is
always non-negative, it can take values greater than one. However, for small
At, the quantity h(t)At can be interpreted as the approximate conditional
probability that the event will occur between ¢ and t + At.

Because the functions f(t), F(¢t), S(¢), and h(t) give mathematically
equivalent specifications of the distributions of T, it is possible to express
both S(t) and f(t) in terms of h(t). Since f(t) = —05(¢)/0t, Equation 4.1
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implies that

—0log S(t)
h(t) = —————.
(t) Y
By integrating and using S(0) = 1, that is, no individual experienced an
event before T' = 0, the important relationship

S(t) = exp (- /O t h(u)d(u)) , (4.2)

is obtained. From Equations 4.1 and 4.2, it can be seen that the density
f(t) can also be written as a function of the hazard rate:

F) = hOSE) = h(t)exp (- /O h(u)d(u)). (4.3)

Thus, both the survival function and the density function of T" can be
written in terms of the hazard function.

4.2.2 Discrete time

Suppose T is a discrete random variable indicating the time of occurrence of
an event, and ¢; is the lth discrete time point, where 0 < t; < t3 < ... < {tp«,
with L* indicating the total number of time points. If the event occurs
at t;, this means that the event did not occur before ¢;, in other words,
that the duration of nonoccurrence of an event equals t;_;. It should be
noted that this is slightly different from the continuous-time situation in
which T indicates both the time that an event occurs and the duration of
nonoccurrence of an event.
The probability of experiencing an event at T' = ¢; is given as

f&) = PT=1t).

The survivor function, which indicates the probability of having an event
neither before nor at T = ¢;,° is

.
Stt) = P(T>t) = > flta).

k=I+1

3Tt should be noted that some authors define the survival probability in discrete-time
situations as the probability of not having an event before ¢;: S(¢t;) = P(T > t;).
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An important quantity in the discrete-time situation is the conditional prob-
ability that the event occurs at T' = ¢;, given that the event did not occur
prior to T' = t;. It is defined as

f(t)

M) = P(T=uT2n) = 5ot

Similar to the way f(t) and S(t) are expressed in terms of A(t) in continuous
time, f(t;) and S(t;) can be expressed in terms of A(#;). Since f(t;) =
S(ti-1) = S(t),
S(tlfl) *S(tl) S(tl)
A(t = —— = 1- . 44
") St St1) "

Rearrangement of this equation results in

St) = Sti—)[1-A)] -

Once again, using S(0) = 1 leads to the following expressions for S(t;) and
ft):

l
[T, (4.5)

k=1

S(t)

-1

ft) = At)St-1) = At) [T 11 =) - (4.6)

k=1

Because A(t;) is defined in much the same way as the continuous-time haz-
ard rate h(t), it is sometimes called a hazard rate (Yamaguchi, 1990:17;
Blossfeld, Hamerle, and Mayer, 1989:106). This is, however, not completely
correct since a hazard rate is an instantaneous (conditional) probability,
and therefore a continuous-time quantity. Nevertheless, it is possible to
calculate the hazard rate h(t) from A(¢;) and vice versa. As can be seen
from Equation 4.4, the conditional probability of experiencing an event at
t; equals one minus the probability of surviving between ¢;_; and ¢;. Using
h(t), this can also be expressed as follows:

At)) = 1—exp (—/l h(u)d(u)) . (4.7

ti—1

If the hazard rate is assumed to be constant in time interval ¢; and if
the length of time interval ¢; is 1, the expression in Equation 4.7 can be
simplified to

At)) = 1—exp(—h(t)) .
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This gives the following hazard rate in time interval #;:
W) = —log(1—A(t) (4.8)

The quantity h(¢;) could be called a discrete-time hazard rate, or an ap-
proximation of the hazard rate in the [th discrete time interval. Note that
the relationship between h(t) and A(¢;) as expressed in Equation 4.7 is only
meaningful if the event can occur at any point in time, that is, if time is a
continuous variable which is measured discretely.

4.3 Hazard rate models

4.3.1 The form of the dependent variable

As defined above, the duration of nonoccurrence of the event under study in
an event history model is related to a set of covariates. However, to be able
to formulate a regression analytic model for event history data, it first has
to be decided which is the best form of the dependent variable. There are
at least four candidates for this purpose, namely, duration or time (7"), the
density of T (f(t) or f(t;)), the survival function (S(t) or S(¢;)), and the
hazard rate (h(t)) or, in discrete time, the conditional probability A(¢;). It
is clear that the best candidate is the one which overcomes all the problems
associated with the simple logit approach discussed in section 4.1. This
means that an event history model must make it possible to

1. use all the information on the duration of the nonoccurrence of an
event,

2. specify time dependent effects of covariates (covariate-time interac-
tions),

3. use time-varying covariates,
4. use censored observations.

The simplest solution seems to be to use T or some transformation of T,
such as logT, as the dependent variable in an ordinary regression model.
Models in which log T is linearly regressed on a set of covariates are known
as accelerated failure-time models (Cox and Oakes, 1984: section 6.3; Lan-
caster, 1990:40). Accelerated failure-time models use all the information on
the duration of nonoccurrence of an event. Moreover, censored observations
can be dealt with by estimating the models using maximum likelihood with
missing data. In accelerated failure-time models, it is, however, not possi-
ble to let the effects of covariates change with time nor to use time-varying
covariates.
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As was demonstrated in the previous section, the remaining candidates
give equivalent descriptions of the information on the duration of nonoc-
currence of an event. Like T or logT', the density function, the survival
function, and the hazard rate fulfill the first and last requisite. As in accel-
erated failure-time models, the censoring problem is solved by using maxi-
mum likelihood methods for obtaining estimates of the model parameters.
With respect to the second and third requisite, that is, with respect to the
dynamic character of event history analysis, the most natural dependent
variable seems to be the hazard rate. Modeling the hazard rate is a logical
dynamic extension of the simple logit approach presented above in which
the probability of occurrence of an event in a period of five years was mod-
elled. By modeling the hazard rate, it becomes possible to regress it both on
covariates and on time. When time is entered as an independent variable in
the model, it is a rather straightforward procedure to include time-covariate
interactions, that is, to allow the covariate effects to be time dependent.
Moreover, the hazard rate at T' = t can be related to the covariate values
at T' = t, which means that the covariates may be time-varying.

Besides the hazard rate, f(t) and S(t) can also be used as dependent
variables in an event history model. However, contrary to the hazard rate,
it is prohibitively complicated to take the dynamic character of the process
under study into account when modeling either the unconditional (instan-
taneous) probability of experiencing an event at T = t or the survival
probability. As was mentioned above, the hazard rate at T = ¢ depends
only on the conditions at 7" = ¢, that is, on the covariate effects and co-
variate values at T' = t. On the other hand, both S(¢) and f(¢) depend on
the circumstances encountered between 7' = 0 to T' = t or, more precisely,
on the covariate effects and covariate values on the hazard rates between
T = 0and T = t. This can be seen in Equations 4.2 and 4.3, which describe
the relationships between the survival, density, and hazard function.

Because of the necessity of cumulating the covariate effects between
T = 0 and T = t if the covariate effects change with time or if there are
time-varying covariates, it is, compared to h(t), relatively difficult to regress
S(t) or f(t) on a set of covariates. It is for this reason that the hazard
rate is generally used as the dependent variable in event history models.
Sometimes, S(t) is used for this purpose when there are only time-constant
covariates which effects do not change with time. The same arguments in
favor of using h(t) as the dependent variable in the continuous-time case
do also apply for A(¢;) in the discrete-time case.

Here, attention is focussed solely on event history models in which h(t)
or A(t;) is used as the dependent variable. These regression models are also



4.3. HAZARD RATE MODELS 91

called hazard rate models or simply hazard models.*

4.3.2 Types of hazard models

The classification which is used in most textbook on hazard modeling is
the distinction between parametric models, Coz’s semi-parametric model,
and discrete-time models (see, for example, Kalbfleisch and Prentice, 1980;
Blossfeld, Hamerle, and Mayer, 1989; Yamaguchi, 1991). Parametric mod-
els and Cox’s semi-parametric model are used for continuous-time event
history data.

The two continuous-time methods differ from each other with respect
to the treatment of the time dependence of the hazard rate. In paramet-
ric models, the time dependence is assumed to have some known func-
tional form. Well-known parametric models are the exponential model, the
Weibull model, the Gompertz model, and the log-logistic model (Lawless,
1982; Blossfeld, Hamerle, and Mayer, 1989:50-55). On the other hand, if
the time dependence is not parameterized, i.e., if no model is specified for
the time dependence, a semi-parametric hazard model is obtained. Because
the semi-parametric hazard model was first proposed by Cox (1972), it is
often called the Cox semi-parametric hazard model or the Cox proportional
hazard model; the meaning of the term proportional will be explained be-
low.

The distinction between parametric and semi-parametric models is not
as relevant when dealing with discrete-time models. The reason for this is
that both the parametric and semi-parametric models can be specified with
the same discrete-time methods. More precisely, by specifying one time pa-
rameter for every discrete time point, a model is obtained that is similar to
the semi-parametric hazard model, while more parsimonious specifications
of the time dependence, such as polynomials, lead to models similar to the
parametric hazard models (Allison, 1982; Yamaguchi, 1991:17).

Another related approach to the analysis of event history data is the use
of non-parametric methods. These methods, such as demographic life-table
methods (Elandt-Johnson and Jonhson, 1980; Namboodiri and Suchindran,
1987) and Kaplan-Mayer’s (1958) product-limit estimates for the hazard
rates, have in common that the dependence of the hazard rate on covariates
is not parameterized. In that sense, they are not real models but tools for
the description of event history data. Since these methods fall outside the
scope of this book, they will not be discussed in further detail.

41t should be noted that the term hazard model is not always correct in discrete-time
situations because there we often model the conditional probability A(¢;) instead of the
hazard rate.
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Two special families In addition to the three above-mentioned types
of hazard models, two special families can be distinguished: proportional
hazard models and log-linear hazard models (Lancaster 1990:42-43).

Let h(t|x) be the hazard rate at T' = ¢ for an individual with covariate
vector x. When all regressors are time-invariant, a model of the form

h(tlx) = ki(t)ka(x), (4.9)

in which k1 (t) and ko (x) are the same functions for all individuals is called
a proportional hazard model. The reason for this is that the hazard rates
for two persons with regressor vectors x; and x5 are in the same ratio,
ko(x1)/ko(x2), for all t. Proportional hazard models can be defined as
models in which the effect of T and the total effect of X on the hazard rate
are multiplicative and in which there are no interaction effects between T
and X.

The concept of proportional hazard rates is especially relevant for Cox’s
semi-parametric model. The development of this model is based on the
feature that if the hazard rate can be assumed to be proportional, a large
simplification of inference in event history models is achieved. More pre-
cisely, the proportionality assumption makes it possible to estimate the
unknown parameters of ks(x) without the necessity of specifying k1 (¢).

Although Cox’s regression model is the best-known proportional haz-
ard model, some of the parametric hazard models also lead to proportional
hazard rates. Parametric models in which the effect of T' and X is mul-
tiplicative, such as the Weibull model, are proportional hazard models if
the effect of T' is assumed to be the same for all values of X. As the time
variable is treated in the same way as any other time-varying covariate in
discrete-time models, it depends on the inclusion of interaction terms be-
tween T and X whether a particular discrete-time model is a proportional
hazard model or not.

Another special family of hazard models include the log-linear type.
They have the form

J
logh(tlx) = > Bkj[t,x(t)]. (4.10)
j=1

Here, k;[t,x(t)] denotes some known function either of T or of the time-
varying or time-constant covariates X(t). The ;s are the log-linear pa-
rameters which can be effects of T', X, or both. Thus, a hazard rate model
is called log-linear if the log of the hazard rate is a linear function of time
effects and covariate effects.

It should be noted that these two special families are not exclusive
categories. A proportional hazard model may also be a log-linear hazard
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model, namely, if k2(x) = exp(}_; Bjz). On the other hand, if there are no
time-covariate interaction effects, a log-linear hazard model will also be a
proportional hazard model.

Some parametric models, such as the exponential, the piecewise expo-
nential, and the Weibull models, are log-linear or can be reparameterized
to be log-linear. Cox’s regression model is, likewise, log-linear. In discrete-
time methods, either a log-linear specification for the hazard rate or a logit
specification for the conditional probability of experiencing an event at a
particular point in time is used. While the concept of proportional hazard
rates was especially relevant for the development of Cox’s semi-parametric
model, the special family of log-linear hazard models is particularly relevant
in the context of this book because it deals with event history analysis by
means of log-linear analysis techniques. As will be demonstrated in section
4.4, log-linear hazard models are, to a great degree, related to the standard
log-linear models which were discussed in Chapter 2.

In summary, three fundamentally different types of hazard models were dis-
tinguished: parametric hazard models, Cox’s semi-parametric proportional
hazard model, and discrete-time models. These models will be presented
in the next subsections. It was also shown that two special families can be
distinguished which contain models belonging to these three main types.

4.3.3 Parametric hazard models

Let h(t|x) be the value of the hazard rate at T' =t for an individual with
covariate values x. As mentioned above, parametric hazard models as-
sume a particular functional form for the relationship between T and the
value of the hazard rate. There are many parametric models, such as expo-
nential, piecewise exponential, Weibull, Gompertz-Makeham, log-logistic,
log-normal, gamma, and inverse Gaussian models, the names of which refer
to the functional form which is chosen for one of the basic functions h(t),
f(t) or F(t). In most textbooks on hazard models, a great deal of attention
is given to parametric hazard models (Elandt-Johnson and Johnson, 1980;
Kalbfleisch and Prentice, 1980; Cox and Oakes, 1984; Lawless, 1982; Bloss-
feld, Hamerle, and Mayer, 1989; Lancaster, 1990). Here, a few of the best
known parametric models are presented to illustrate the main principles un-
derlying parametric methods, and to show some of the parameterizations
which belong to the special families of proportional hazard and log-linear
hazard models. For the simplicity of exposition, it will be assumed that the
covariates are time-invariant. In section 4.6, it will be demonstrated how
to apply the hazard models which are presented below when some of the
covariates are time-varying.
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The exponential survival model is the simplest parametric hazard model.
It assumes exponential survival, or a time-constant hazard rate, i.e.,

J
h(tx) = exp | Bz
j=0

Here, ; is an unknown parameter and x;; is the value of covariate j for
subject . Thus, the hazard rate depends only on the values of the covariates
X. Note that £y is the intercept which implies that x;o must be one for all
persons.

One possible extension of the rather restrictive exponential survival
model leads to the piecewise exponential survival model, in which the haz-
ard rate is assumed to be constant within time periods. In other words, the
hazard rate is a step function of 7. Suppose the time axis is split into L*
time periods with upper limits ¢;, such that 0 < ¢t; < t5... < tp«. More-
over, let d; denote one of the L* indicator variables taking the value 1 if
t;_1 <t < t;, and otherwise the value 0. This gives the following hazard
model:

J L*
h(tx) = exp (> Bjmij+ Y oudy | - (4.11)
j=1 =1

Note that the intercept 5y is not included in the model in order to identify
all o parameters. As a result, the a; parameters can be interpreted as the
log hazard rate of an individual for which all covariates are equal to zero.
When the number of time intervals increases, it makes less sense to treat
this model as parametric (Lancaster, 1990:43). As will be demonstrated
in section 4.4, when the number of time intervals equals the number of
distinct times that events occur, a piecewise exponential survival model is
equivalent to a semi-parametric hazard model.

Another popular extension of the exponential model is the Weibull
model, which describes the monotonous time dependence of the hazard
rate by means of one additional parameter. It parameterizes the hazard
rate as

J
htlx) = exp [ Y Bmiy | at* ™,
§=0

for a > 0. Sometimes it is reparameterized as

J

h(tjx) = exp Zﬂ;‘xij+a/10gt ,
§=0
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in which o/ = a — 1, By = Ina + o, and, for j = 1 to J, B = ;. Asis
shown in the last equation, the hazard rate depends on T in the Weibull
model, or equivalently, the log hazard rate on log T. If o equals 1, the
Weibull model becomes an exponential model. Values for a smaller than
1 indicate that the hazard rate declines as T increases, while values larger
than 1 indicate that the hazard rate increases as T increases.

In the Gompertz-Makeham model, the hazard rate is given as

J

h(t|lx) = o +exp Zﬁjxij +oagt |,
=0

with a3 > 0. The difference with the Weibull model is that the log hazard
rate depends on T instead of logT. The «; parameter denotes a lower
boundary of the hazard rate. By fixing a; = 0, a simpler model is obtained
which is called the Gompertz model, in which the log of the hazard rate is
simply a linear function 7.

A possible extension of the Gompertz model is a model in which the
time dependence of the hazard rate is parameterized by a higher order
polynomial function of T. Such models can be used when there is a non-
monotonous time dependence of the hazard rate. A polynomial model of
degree K is

J K
h(t‘X) = exp Zﬁjl‘ij—I—Zaktk ,
j=0 k=1

in which the ay’s are the parameters associated with the time dependence of
the hazard rate. Instead of T, it also possible to use a polynomial function
of InT (Clayton, 1983). In that case, an extension of the Weibull model is
obtained.

It can be seen that all parametric hazard models presented so far, ex-
cept for the Gompertz-Makeham model, are both proportional and log-
linear hazard models. They are proportional because the total effect of the
covariates influences the hazard rate multiplicatively and, moreover, there
are no time-covariate interaction effects. Note that the proportionality as-
sumption can be relaxed by allowing the a parameters to depend on the
values of particular covariates. The models are log-linear because the log
of the hazard rate is a linear function of time effects and covariate effects.

An example of a hazard model which is neither proportional nor log-
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linear is the log-logistic model. This is defined as

M) = a [exp (Z[‘)] Bja:ij)} ta;l |

1+ [exp (Zg ﬂjzij) t]

for @« > 0. The log-logistic function can be used to describe non-monot-
onous hazard rates, or more precisely, hazard rates that first increase then
subsequently decrease with time. The model is nonproportional because
the size of the hazard rate does not simply result from a multiplication of
the total covariate effect and the time effect.’ It is likewise not log-linear
because the log of the hazard rate is not a simple linear function of time
and covariate effects.

Estimation The parameters of parametric hazard models are generally
estimated by means of the maximum likelihood method. Let ¢; be either
the time that individual 7 experienced an event or the time that individual
1 was censored, that is, either individual ¢’s survival or censoring time. Let
d; be a censoring indicator taking the value 0 if case i is censored and the
value 1 if case ¢ experienced an event. When the censoring mechanism can
be assumed to be independent (Lagakos, 1979; Kalbfleisch and Prentice,
1980:119-122), in other words, when the missing data can be assumed to
be ignorable for likelihood-based inference, the likelihood function to be
maximized can be written as

N

N
[T F =) S(tilxa)' =% = ] Altalxi)* S(tilx:)
=1

i=1

L

f[lh(ti|xi)5i exp (— /Oti h(u|xl)du> , (4.12)

In section 4.5, which deals with censoring, it will be explained under which
conditions this likelihood function is correct. When these conditions are
fulfilled, the contribution to the likelihood function of a person who ex-
perienced an event is f(¢;|x;). Since only information on survival until ¢;
is available for censored observations, their contribution to the likelihood
function is S(t;|x;).

For most parametric models, there is a tractable expression for the
survival function appearing in the likelihood function. With regard to the
models presented above, numerical integration in order to compute the

5Recently, Briiderl and Diekman proposed several generalizations of the log-logistic
model, one of which is yields proportional hazard rates.
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likelihood equations is only necessary for the polynomial model (Rohwer,
1993). The likelihood equations can be solved by the Newton-Raphson
algorithm or one of its variants (Petersen, 1986). In the case of log-linear
hazard models, it is also possible to use a simpler conditional maximization
method which is discussed in section 4.4 (Aitkin and Clayton, 1980).

The parametric models discussed above can be estimated by means of
standard programs for event history analysis. The best known program is
Tuma’s RATE program (Tuma, 1979). Recently, Rohwer (1993) introduced
his TDA program which at this moment is probably the most complete
for estimating parametric hazard models. In a series of working papers
accompanying the TDA program, Rohwer gave an excellent overview of
the different parametric models and of the technical details on obtaining
maximum likelihood estimates of their parameters by means of the Newton-
Raphson algorithm. Using either RATE or TDA, it is possible to specify
models in which the duration parameters (the o’s) depend on the covariate
values.

4.3.4 Cox’s semi-parametric hazard model

The use of the parametric models discussed above requires that the dis-
tributional form of T is known. However, in many situations, there is no
a priori information on the time dependence of the process under study.
That is the main reason that Cox’s semi-parametric hazard model, which
does not parameterize the time dependence of the process, is so popular
in many research fields. More precisely, it involves an unspecified function
of T in the form of an arbitrary baseline hazard function. The relation-
ship between the covariates and the hazard rate is parameterized using a
log-linear model, which leads to

J
htlx) = hoexp [ S By | . (4.13)
j=1

in which hg(t) is the unspecified baseline function. Note that the effect of
T, ho(t), is not allowed to depend on the covariate values as a result of the
proportionality assumption. Although the model represented in Equation
4.13 seems to be very simple, the main problem associated with it is how
to estimate the 8 parameters without the necessity of specifying ho(t). Cox
(1972, 1975) proposed solving this problem by means of what he called
partial likelihood estimation.b

6The procedure is called partial likelihood because some information in the data is
not used for parameter estimation. More precisely, only the order in which events occur
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Estimation Assume that all events occur at distinct times, in other
words, that there are no tied durations.” To compute the partial likeli-
hood function, the observations must be ordered on the basis of the length
of the duration ¢;, that is, t; < t3 < t3... < ty. The partial likelihood
function is formulated as

[ wx [ holt)exp (5, Bais)
o ] 11 S holti) exp (5, Bz )

Lpr =

\
=
=
<
E}

i
=
>~
[}
>
=~
R
=

exXp (ZJ 53‘551‘]‘)
1 _Zg:i exp (Z] 5jxkj)

in which h(t;|xx) is the hazard rate for subject k at T = ¢;, ¢; is either the
survival or censoring time of subject i, and d; is a censoring indicator.

The partial likelihood is a product of conditional probabilities. Given
that an event occurred at t;, the ¢th conditional probability represents the
likelihood that the event will occur for the particular subject who actually
had the event at T = t; rather than for any other subject who was at
risk T' = ¢; (Yamaguchi, 1991:106). Note that the individuals who are at
risk at t; are those with a survival or censoring time which is greater than
or equal to t;. Since the partial likelihood is affected only by the relative
order of durations, information about the exact time that the events and
censorings occur is lost. It can be seen that the unspecified baseline hazard
ho(t) cancels out from the partial likelihood function described in Equation
4.14.

By maximizing the partial likelihood as if it were an ordinary likelihood
function, maximum partial likelihood estimates for the S parameters are
obtained without the necessity of estimating the unspecified baseline hazard
function. Although particular information is lost when using this method,
it has been proven that it has all the essential properties, such as con-
sistency and asymptotic normality, under quite broad conditions (Tsiatis,
1981; Andersen and Gill, 1982).

By using only the order in which the events occurred and by assuming
the hazard rate to be proportional, the partial likelihood provides a sim-
ple estimation procedure for the covariate effects without the necessity of

(4.14)

|
.EZ

2

is used, which means that the length of the time intervals between events is disregarded
(Cox and Oakes, 1984: section 8.4).

"Two durations are called tied if the two people concerned experienced the event of
interest at the same point in time. Ties are problematic in the partial likelihood method
because it is based on the observed order between events and the order between tied
observations cannot be determined. Note that if T is strictly continuous, ties cannot
occur.
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specifying the time dependence of the hazard rate. The semi-parametric
hazard model does, however, have two weak points: the proportionality
assumption is unrealistic in most applications and the non-availability of
time effects is problematic if one is interested in the duration dependence
of the hazard rate. A simple solution for these two problems is the inclu-
sion of a time-varying covariate indicating time or duration in the model
(Cox and Oakes, 1984:73; Yamaguchi, 1991:107-108). The time depen-
dence of the hazard rate can be detected by estimating the effect of this
time-varying covariate on the hazard rate. The proportionality assumption
can be relaxed by specifying models with interactions between ‘time’ and
other covariates.

Because time changes continuously, in practice, time can only be used
as a time-varying covariate if it is treated as discrete. This means that if
time is included as a covariate in a semi-parametric hazard model, a model
is obtained that is very similar to both the piecewise exponential survival
model described in Equation 4.11, in which the hazard rate is assumed to be
constant within time intervals (see also section 4.4), and the discrete-time
methods which are presented in the next section.

Ties Above, the possibility that two persons have the same survival times,
or in other words, that there are ties in the data, was disregarded. However,
since duration is always measured discretely, in practice, equal durations
frequently occur. Several modifications of the partial likelihood method
have been proposed to deal with ties. The solution proposed by Peto (1972)
and Breslow (1974) on somewhat different grounds is the one which is
used most often. In the case of ties, the data must be ordered such that
t; <ty <t3...<ty. Because some t; are equal, the summation over the
risk set in the denominator of Equation 4.14 has to be changed. Instead
of starting from k = 4, it must start from the smallest k for which ¢ = ¢;:
Everyone with either the same or a greater value of T' than ¢ belongs to the
risk set at T' = t¢;. This principle can be formulated in several equivalent
fashions, such as

N exp (Zj ﬁjxij)

Lrr = ] , (4.15)
i=1 Zke(t,C >t;) &XP (ZJ ﬁjxkj)
or
N* BiSn
L = ] o <Z] i J) (4.16)

i*=1 [Zke(tkzti*)exp (Zj ﬂjxkjﬂni* |
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Compared to Equation 4.14, in the first expression (4.15), only the index of
the summation in the denominator is changed to include all cases in the risk
set for which ¢, > t;. The second, somewhat more complicated expression
(4.16) is the one which is used most often. There, N* denotes the number
of distinct times at which one or more events occurred, ¢} a particular time
at which one or more events occurred, s;-; is the sum of the values of the
jth covariate for all individuals who experience an event at T = ¢;«, and
finally, n;« is the number of events at T' = ¢;«.

In section 4.4, the solution for ties as proposed by Breslow (1974) is
discussed in more detail. The resulting proportional hazard model is shown
to be equivalent to a proportional piecewise exponential survival model
with as many time categories as different observed times at which events
occurred.

4.3.5 Discrete-time models

When the time variable is measured rather crudely, which leads to many
ties in the data, or when the process under study is intrinsically discrete, it
is more appropriate to use one of the discrete-time event history models.?
These models involve regressing the conditional probability of occurrence
of an event in the [th time interval, given that the event did not occur
before this period, denoted by A(¢;), on a set of covariates. It must be
noted that when these probabilities are relatively small for all values of T
and X, the parameters of discrete-time models and continuous-time models
are very similar. The reason for this is that the hazard rate h(t) and A(¢;)
have almost the same value if the hazard rate is small. On the basis of the
relationship between h(t) and A(¢;) given in Equation 4.8, it can be seen
that values of .1, .2, and .5 for A(¢;) correspond with values of .105, .223, and
.693 for h(t). This means that if all A(¢;) are smaller than .1, discrete-time
methods provide good approximations of continuous-time methods.

There are several ways to parameterize the dependence of the condi-
tional probability of experiencing an event on time and on covariates. The
most popular choice is the logistic regression function (Cox, 1972; Myers,
Hankley, and Mantel, 1973; Brown 1975; Thompson 1977; Allison, 1982)

exp (al + Zj Bjxij)
1 +exp (al +2; 5;‘931‘]‘)

Altelx) =

8For applications of discrete-time event history models in situations in which the
time dimensions is intrinsically discrete see, for example, Mare (1994) and Van Rees and
Vermunt (1996).
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which leads to the well-known discrete-time logit model
Alt]x)
1 D — = . CE

Although the logistic regression model is a somewhat arbitrary choice, it
has several advantages: It constrains A(¢;|x) to between 0 and 1, and it is
computationally convenient because of the existence of sufficient statistics.

On the other hand, as is demonstrated below, if one assumes that the
data are generated by a continuous-time proportional hazard model, it is
preferable to use the complementary log-log transformation for A(¢;) (Al-
lison, 1982). It can be derived from Equation 4.7, that the conditional
probability of experiencing an event in t; can be written in terms of the

hazard rate as
ty
Ati]x) = 1—exp —/ h(ulx)d(u) | .
ti—1

If there is no information on the variation of the hazard rate within the time
intervals, it seems reasonable to assume that the hazard rate is constant
within each interval ¢;, or that

Ati]x) = 1—exp(—h(t|x)At) , (4.17)

in which At; denotes the length of the Ith time interval. This amounts to as-
suming exponential survival within every particular time interval. Suppose
the following log-linear and proportional hazard model is postulated:

h(tl|X)Atl = exXp | o + Zﬁjxij . (418)
J
Substitution of Equation 4.18 into Equation 4.17 yields

At|x) = 1—exp |—exp oq—l—ZBjxij
J

Rearrangement of this equation yields what is known as the complemen-
tary log-log transformation of the conditional probability of experiencing
an event at t;,

log[—log (1 — A(t]x))] = a1+ Zﬁjxij .
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The S parameters can now be interpreted as the covariate effects on the
hazard rate under the assumption that h(¢;) is constant within each of the
L* time intervals. Since h(t;|x)At; appears at the left-hand side of Equation
4.18 instead of h(#;|x), the estimates for the baseline hazard rates or the
time parameters must be corrected for the interval lengths At;. The correct
time parameter for the [th time interval equals «; — In(A#;).

If the model is a proportional hazard model, that is, if there are no
time-covariate interactions, the S parameters of a complementary log-log
model are not sensitive to the choice of the interval lengths since At; is
completely absorbed into ;. This is the main advantage of this approach
compared to the discrete-time logit model, which is not only sensitive to
the choice of the length of the intervals, but also requires that the intervals
be of equal length (Allison, 1982). The reason for this is that the interval
length influences the probability that an event will occur in the interval con-
cerned, and therefore also the logit of A(t;). Although the complementary
log-log model can handle unequal interval lengths in proportional hazard
models with one parameter for each time interval, unequal time intervals
are problematic when the time dependence is parameterized or when the
model is nonproportional (Allison, 1982). Thus, as long as the duration pa-
rameters are treated as nuisance parameters, as in a Cox regression model,
unequal interval lengths are allowed. If, however, the time dependence itself
becomes the object of study, the time intervals must be of equal length.

Estimation Cox (1972) proposed a partial likelihood estimator for the
discrete-time logit model which is analogous to the partial likelihood esti-
mator for continuous-time data (see Equation 4.14). However, discrete-time
models are generally estimated by means of maximum likelihood methods
(Allison, 1982). From Equations 4.5 and 4.6, it is known that

-1 l
ftalx) = Ml [0 - Atelx)] = tzt>l<|x IT =l
k=1 k=1

l
Sttilx) = 1 —Alx)]
k=1

Just as in continuous-time models, f(¢;|x) is the contribution to the likeli-
hood function for an individual who experienced an event and S(¢;|x) for
an individual who was censored. Let N denote the sample size, and let [;
denote the time interval in which the ith person experienced an event or
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was censored. In that case, the likelihood function can be written as

N ) i Ui
e = TI[(r2%) Ta ).

k=1

Let y; be a vector of [; indicator variables taking the value 1 if person i
experienced an event in T' = t;, and otherwise taking the value 0. In fact,
the first [; — 1 elements of y; are zero and the last one is equal to the
censoring indicator d;. Using this vector y; instead of J;, the likelihood
function becomes

(e

This is, actually, the likelihood function for regression models for binary
response variables (Brown, 1975; Allison, 1982). The only difference is that
there is not one observation per individual but [; observations per individ-
ual, that is, one observation for each time interval in which the individual
concerned belongs to the risk set. Therefore, discrete-time logit models can
be estimated by means of standard software for logistic regression analysis.
The input should not consist of one record per individual but one record for
every period that an individual belongs to the risk set. These records are
sometimes called person-period records. When all covariates are categor-
ical, discrete-time logit models can also be estimated using standard log-
linear analysis programs, such as ECTA (Fay and Goodman, 1975), FREQ

(Haberman, 1988), GLIM (Baker and Nelder, 1978), and CEm (Vermunt,

1993). In lem , a special option is implemented which makes it possible
to use person or episode records as input instead of person-period records.
The program generates the contingency table which is used to obtain the
parameter estimates. The complementary log-log model can be estimated
by means of GLIM (Baker and Nelder, 1978).

u::‘]z

4.4 Event history analysis using log-linear
models

Particular parametric hazard models as well as Cox’s semi-parametric haz-
ard model are based on a log-linear parameterization of the time and covari-
ate dependence of the hazard rate. This section discusses the relationship
between the log-linear models for frequency tables discussed in Chapter 2
and log-linear hazard models. It is shown that log-linear hazard models
can also be written as ordinary log-linear models.
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The piecewise exponential survival model (see Equation 4.11) is one of
the hazard models which belongs to the log-linear family. In this continuous-
time hazard model, the hazard rate is assumed to be constant within time
intervals. Holford (1980) demonstrated that the likelihood function for a
piecewise exponential survival model is proportional to both a Poisson and
a multinomial likelihood function. The consequence is that when all co-
variates are categorical, the same estimation and testing procedures can be
used as in log-linear models for contingency tables or, more precisely, as in
log-rate models (see section 2.6) (Holford, 1976, 1980; Laird and Olivier,
1981). Laird and Olivier (1981) demonstrated how to apply the log-rate
model using grouped event history data. Thus, log-rate models, like the
discrete-time methods discussed above, can be used to approximate the
results of continuous-time models.

In addition to the piecewise exponential survival model, Cox’s semi-
parametric model (see Equation 4.13) can also be written as an ordinary
log-linear model. Holford (1976) demonstrated that Breslow’s maximum
likelihood procedure for Cox’s model (Breslow, 1972, 1974) is equivalent
to a piecewise exponential survival model with as many time categories as
distinct observed times at which events occur. Laird and Olivier (1981) and
Whitehead (1980) showed how to estimate Cox’s semi-parametric hazard
model using standard log-linear analysis programs.

Aitkin and Clayton (1980) and Clayton and Cuzick (1985) demon-
strated how to estimate a general class of log-linear hazard models by a
two-step conditional-maximization procedure which they implemented in
GLIM (Baker and Nelder, 1978). This conditional maximization procedure
makes use of the fact that, given the values of the parameters describing
the duration dependence of the hazard rate, the likelihood function for any
log-linear hazard model is equivalent to the Poisson likelihood function.

Below, piecewise exponential survival models, Breslow’s maximum like-
lihood approach to Cox’s semi-parametric model, and the estimation of a
general class of log-linear hazard models by means of log-linear Poisson
models are discussed.

4.4.1 Piecewise exponential survival models

The piecewise exponential survival model, or piecewise constant hazard
model, described in Equation 4.11 can also be written down using the
notation introduced in Chapter 2. Let Z denote the time variable, z a
particular value of Z, and Z* the number of categories of Z. The starting
and end points of the Z* time intervals are (0, ¢1], (t1,%2], ..., (tz+_1, ], in
which the round brackets ‘(’ express that the starting points are excluded
from the intervals and the square brackets ‘]’ express that the end points
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are included. The end point of the last interval may also be assumed to be
equal to the longest observed duration or the longest duration to be used
in the analysis instead of co.

Suppose there is a hazard model with 2 categorical covariates A and B.
Let hgp, denote the constant hazard rate in the zth time interval for an
individual with A = a and B = b. The saturated log-linear model for the
hazard rate hgp,, or the saturated piecewise exponential survival model, is

10g hap: = u+ult +ul +u? + udP +ulZ +uP? +uABZ (4.19)
in which the u terms are log-linear parameters which are constrained by
means of ANOVA-like restrictions. A proportional variant of the piecewise
exponential survival model is obtained by assuming the two-variable and
higher-variable interaction terms involving Z to be equal to zero, i.e.,

g hap: = u+ul +uf +uZ +ulf. (4.20)

As demonstrated in the previous section (see Equation 4.12), maximum
likelihood estimates for the parameters of parametric continuous-time mod-
els can be obtained by maximizing

N

£ = J[httx)® exp (— /Oti h(uxi)du) .

i=1

If the hazard rate is constant within each of the Z* time intervals, the
likelihood function can also be written as

N Z*

£ o= JITI )" exp (~hizixes) |

i=1z2=1

in which e;, denotes the total time that individual ¢ belongs to the risk
set in time interval z. It is also called the exposure time. Generally, e;, is
equal to t, — t,_q for the time intervals before individual i experienced an
event or was censored, equal to t; — t,_1 for the time interval in which an
event or censoring occurred, and equal to zero for the other time intervals.
Furthermore, ¢;, is an indicator variable taking the value 1 if person i
experienced an event in time interval z, and otherwise 0.

Since A, B, and Z are categorical variables, the number of events and
the total exposure times can be represented in a cross-tabulation. Let ngp,
denote the number of events and E,;, the total exposure time in time
interval z for A = a and B = b. The tables with observed numbers of
events ngp, and with the total exposure times E,;, are generally called the
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occurrence matrix and the exposure matrix. They are obtained by

N

Napz = E iz Yiab
=1

Eabz = § €iz Yiab

in which ;45 is an indicator variable taking the value 1 if person ¢ has A = a
and B = b, and otherwise 0. When cross-tabulated events and exposure
times are used rather than the individual data, the likelihood function for
a piecewise expomnential survival model with covariates A and B can be
written as

=[] rise exp(~havzEap:) - (4.21)

abz

As will be demonstrated below, this likelihood function (4.21) is propor-
tional to a Poisson likelihood function.

Suppose there is a frequency table for the variables A, B, and Z with
observed cell counts ny;, which, conditional on E;,, are Poisson distributed
with means mgp,. In other words, there is a Poisson model for the rates
Mapz/ Eabz, which is a log-rate model as discussed in section 2.6. Under the
Poisson sampling scheme, the likelihood function is proportional to

L, = H mlets exp (—mapz)
abz
= H (haszabz)nabz exp (_haszabz) 5
abz

in which Ay, denotes the Poisson rate mgp./Fap.. It can now be seen that
the likelihood function for the observed Poisson counts ngp, given Egp, is
proportional to the likelihood function described in Equation 4.21, i.e.,

L, = L][E&".

abz

Since E]'z* is a constant that does not depend on the unknown parameters
which are to be estimated, piecewise exponential survival models with cat-
egorical covariates can be estimated with the same estimation methods as
are used for the log-rate models discussed in section 2.6. Moreover, piece-
wise exponential survival models can be written as log-rate models. For
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instance, the proportional piecewise constant hazard model described in
Equation 4.20 can also be formulated as

o (’;3”) = wtug tuy ol +ug?
abz

or
logmap, = log Egp, +u+ uf + uf + uZZ + ube , (4.22)

where mgp, is the expected number of events in time interval z among
persons with A = a and B = b. From Equation 4.22, it can easily be
seen that the piecewise exponential survival model is equivalent to the log-
rate model discussed in section 2.6. As in a log-rate model, the log of the
expected cell frequency is a linear function of a cell-specific constant and a
set of log-linear parameters.

Grouped duration data The log-rate model can also be used with
grouped duration data, which occur when there is only information on
the discrete time interval in which events and censorings occurred, in other
words, when the exact value of ¢; is not known, but only that t,_; < t; < t,.
This implies that there is no exact information on the length of the indi-
vidual exposure times in the interval in which censoring or an event occurs.
This makes it necessary to approximate a person’s exposure time in this
interval. Generally, it is assumed that on average censorings and events
occur in the middle of the time interval concerned (Laird and Olivier, 1981;
Yamaguchi, 1991:81 ; Xie, 1994). Thus, the only modification that is neces-
sary in situations in which the observed durations are grouped is that when
computing the exposure matrix F for the interval in which an event or
censoring occurred, e;, is not equal to t; —t,_1, but equal to (t, —t._1)/2.

This simple approximation procedure amounts to assuming that both
events and censorings are uniformly distributed within the discrete time
interval in which they occur. It is equivalent to assuming linear survival
within time intervals for events, which is not completely in accordance
with the postulated piecewise exponential survival model. However, if the
hazard rates are not too high, the resulting bias will be small.? Of course,

9Suppose that we know that the event of interest occurred in a time interval of length
A, and that h(t) is the size of the constant hazard rate in this interval. In that case,
the mean fraction of A, that an individual is exposed to the event of interest equals
14+ 1/(Azh(tz)) — 1/[1 — exp(—A;h(t:))] (Chiang, 1984:139; Willekens, 1990). This
quantity is close to .5 for almost all relevant values of h(t.) and A.. For instance, if
A, =1, it ranges from .492 when h(¢,) = .1 to .459 when h(t.) = .5. Therefore, Petersen
(1991) concluded with respect to the approximation of exposure times: ‘Thus, a good
rule of thumb is to assign the duration that lies at the midpoint of the window within
which the true duration lies.’
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when there is additional information on the timing of events and censorings
within particular time intervals, this information can be used to get better
approximations of the true exposure times (Yamaguchi, 1991:84).

As mentioned in the previous section, discrete-time logit models and
discrete-time complementary log-log models can also be used to approxi-
mate continuous-time hazard models when there are grouped duration data.
However, the logit specification is an arbitrary one which, moreover, is sen-
sitive to the choice of the length of the time intervals. The complementary
log-log transformation approximates the continuous-time proportional haz-
ard model in that it assumes exponential survival within time categories,
and the occurrence of censorings at the end of the time intervals. How-
ever, unequal time intervals are problematic when the time dependence
is restricted in some way or when the hazard rate is assumed to be non-
proportional. The main advantage of the log-rate model compared to the
complementary log-log model is that unequal time intervals are never prob-
lematic. Another advantage is that log-rate models can be estimated using
widely available programs for log-linear analysis.

Non-hierarchical models Until now, only hierarchical log-rate models
have been given consideration. However, by using a more general formu-
lation, it is also possible to specify non-hierarchical models. In its most
general form, the log-rate model can be written as

logmi. = logEi.+ Y Bz, (4.23)
J

in which z;.; denotes an element of the design matrix and §; a particular
log-linear parameter. The index 7 refers to a category of the joint variable
formed by all the independent variables, and z to a category of the time
variable. From the appearance of the index z in x;,;, it follows that the
design matrix also includes the time variable and that covariate effects may
be time dependent.

Perhaps the most interesting kinds of restrictions that can be imposed
with the design matrix appearing in the general model given in Equation
4.23 are restrictions on the time parameters. Yamaguchi (1991:75-77) pro-
posed approximating the Gompertz and Weibull models by means of a step-
functional characterization of ¢ and In(t). Suppose that the first parameter
in Equation 4.23, 31, is the intercept and that the second parameter, (3o,
is the restricted time effect. Furthermore, let Z denote the middle of the
zth time interval, Z = (¢,_1 + t,)/2. An approximation of the Gompertz
model is obtained by specifying the elements x;,o of the design matrix to
be equal to z. In a Weibull model, we would replace z by log z. It is also
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possible to use higher-order polynomials of Z or (log Z) to describe the time
dependence of the hazard rate. Moreover, these restricted time effects can
also be used in time-covariate interaction terms.

Recently, Xie (1994) presented another parsimonious method of spec-
ifying time-covariate interactions in log-rate models. He proposed using
a log-multiplicative parameterization of time-covariate interaction terms.
In fact, it is an application of the row and column effects model type II
discussed in section 2.7 (Goodman, 1979; Clogg, 1982).

Contrary to what is stated by Holford (1980) and Laird and Olivier
(1991), log-rate models can also be used when particular covariates are
continuous. In the same fashion that a logistic regression model is ob-
tained from a logit model by including continuous covariates (see section
2.8), the log-rate model given in Equation 4.23 can be used with continu-
ous covariates. In that case, individual data have to be analyzed instead
of cross-tabulated data, which implies that the index ¢ appearing in Equa-
tion 4.23 denotes a particular observation rather than a level of the joint
independent variables, which also means that E;, = e;, and n;, = ;.

Testing In addition to the estimation procedures available for log-linear
modeling, the testing procedures can also be used in log-rate models. The
estimated expected number of events, mgp., can be compared with the
observed number of events, n.p., using either the Pearson’s chi-squared
statistic or the likelihood-ratio chi-squared statistic (see section 2.4). Asin
logistic regression models, the fit of hazard models with continuous covari-
ates cannot be tested because of sparseness of the ‘table’ which is analyzed.
Nevertheless, it is possible to test the significance of particular effects by
means of conditional likelihood-ratio chi-squared tests (see section 2.4).

Computer programs Hierarchical log-rate models, such as the one rep-
resented in Equation 4.22, can be estimated using log-linear analysis pro-
grams which are based on the IPF algorithm. However, the program must
calculate the parameters using mean removal on the cumulated multipliers
of the IPF cycles in order to get correct parameter estimates (see Ap-
pendix A.1). The LOGLIN (Olivier and Neff, 1976) and lem (Vermunt,
1993) programs use this procedure. Log-rate models of the general form
described in Equation 4.23 can be estimated using programs for log-linear
analysis which use a Newton algorithm, such as FREQ (Haberman, 1979)
and SPSS Log-linear. In lem , such models are estimated by means of
the uni-dimensional Newton algorithm. A special feature of CEM is that,
as opposed to standard programs for log-linear analysis, the user does not
need to supply the occurrence and exposure matrices as input since these
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are generated by the program itself, where the exposure time within the
time interval in which censorings or events occur can be specified by the
user. Moreover, it is possible within CEM to estimate models which contain
the log-multiplicative interaction terms proposed by Xie (1994).

4.4.2 Estimation of Cox’s semi-parametric model

Breslow (1972, 1974) proposed estimating the 5 parameters and the baseline
hazard rate ho(t) of the Cox semi-parametric model (see Equation 4.13)
simultaneously by means of maximum likelihood. Holford (1976) and Laird
and Olivier (1981) demonstrated that Breslow’s approach was a special case
of the piecewise exponential survival model, that is, a proportional model
with as many time intervals as distinct observed times at which events
occurred.

Breslow’s approach is as follows. First, as in the partial likelihood ap-
proach, the N cases must be ordered according to their observed durations
t;. Then, the time axis has to be divided into Z* intervals, where Z* equals
the number of distinct times that events occurred. The end points of the
time intervals, denoted by t,, correspond with the durations at which events
occur. Each censoring is assumed to have occurred at the nearest preceding
event and the hazard rate is assumed to be constant within time intervals
just as it would be in a piecewise exponential survival model. An equivalent
approach is to assume the hazard rate to be zero everywhere except at the
observed times at which events occur (Cox, 1972; Holford, 1976; Laird and
Olivier, 1981). The latter approach does not require shifting the censored
observation to the nearest previous event.

Suppose there is a semi-parametric hazard model, or equivalently, a
piecewise exponential survival model of the form

J
h(zlx) = ho(z)exp [ Y Bz | (4.24)
j=1

in which hg(z) denotes the baseline hazard rate in time interval z. Note
that the hazard rate is assumed to be proportional since the model does
not contain interactions between the covariates and time.

The likelihood function for the model described in Equation 4.24 can
be obtained by substituting h(z|x) into Equation 4.21, i.e.,

N Z~

£ = JJII 7Gx exp (=h(zlxi)e;)

i=12z=1
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N Z* o
= H ho(2) exp Z BT
i=1z2=1 J
exp |ho(z)exp Z Bjzij | €iz ) (4.25)

in which e;, equals t, — t,_; if subject i neither experienced an event nor
was censored before ¢, in other words, if subject ¢ belongs to the risk set at
Z = z. Setting the first order derivatives of the log likelihood with respect
to ho(z) equal to zero yields the following maximum likelihood estimate for
ho(z)i

N
ho(z) = 21 iz . (4.26)

Zfil exp (ZJ 5]'552']') €z

Substitution of this estimate of ho(z) into Equation 4.25 yields

N z* /N 9z N ex Bigi
. HH(Z%) - (Z%) . p (3 857

N
i=1 i—1 €XP (Zj 5j%‘) €iz

As only one §;, is 1 for each ¢, the product over z is redundant. Because
ei» = 0 for all persons who are not at risk, the sum over ¢ in the denominator
consists of the persons at risk at Z = z. Note that e;, takes the same value
for every person at risk, £, —¢,_1. This leads to the following simplification:

8

cC, (4.27)

. H exp(Z]ﬂjxij)
=1 | 2oke(te>t:) €XP (ZJ ﬁjxkj)

where

o T[S () ()

It can be seen that, with the exception of the constant C, Equation 4.27
is equivalent to both Equation 4.14 and Equation 4.15. This implies that
if the data contains no ties, a proportional piecewise exponential survival
model in which the end points of the time intervals are defined by the event
times and in which the censorings are assumed to occur at the nearest
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preceding event time is equivalent to Cox’s semi-parametric model. If the
data contains ties, the maximum likelihood approach leads to the solution
for ties proposed by Breslow (1972, 1974), which is described in Equation
4.15.

The consequence of the equivalence with the exponential survival model,
and therefore with the log-rate model, is that Cox’s semi-parametric model
can be estimated using standard programs for log-linear analysis. White-
head (1980), for instance, showed how to estimate the Cox model with the
GLIM program using a log-linear Poisson model.

4.4.3 Estimating log-linear hazard models with log-
linear Poisson models

Above, it was demonstrated that both the piecewise exponential survival
model and the Cox model can be estimated by means of log-linear analysis
techniques. Aitkin and Clayton (1980) proposed estimating the parameters
of a general class of continuous-time log-linear hazard models using the
equivalence between the Poisson likelihood and the likelihood for log-linear
hazard rate models.

Let h(t) denote the baseline hazard and H(t) denote the cumulative
baseline hazard, fg h(u)d(u), belonging to a particular parametric hazard
model. If the hazard model is log-linear, the likelihood function can be
written down as

04

h(t) exp Zﬂjxij exp | —H(t;) exp Zﬁjxij
J J

S
[
=

1

.
Il

Il
"SZ

h
Il
—

[ exp (=ma)| bt /H ()

in which
m; = H(t;)exp Z ﬁjl’ij
J

The first term in the likelihood function, mfi exp (—m;), is equivalent to the
kernel of the likelihood function for NV independent Poisson variates §; with
means m;. The second term does not contain 8 parameters. It depends
only on the o parameters associated with the duration dependence of the
process.
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Aitkin and Clayton (1980) proposed estimating the « and § parameters
by means of a simple two-step conditional maximization method. First,
the 8 parameters can be estimated using the log-linear Poisson, or log-rate,
model given the current estimates for the unknown parameters determining
H(tz), 1.6.7

logm; = logH(t;)+ Z Bjxij (4.28)
J

in which H(t;) is treated as a weight vector, or in the GLIM terminology
used by the authors, log H(¢;) is an offset. In the second step, new estimates
for the a parameters must be obtained. Of course, the exact relationship
between H(t) and « depends on the parametric model that is chosen (see
below). This two step algorithm continues until convergence is reached.

Although the hazard rate is assumed to be proportional in the model
given in Equation 4.28, it is also possible to make the « parameters de-
pendent on covariate values. However, then h(t;) and H(¢;) are subgroup
specific. If y is used as an index for the variable interacting with the time
dependence, h(t;) and H(t;) have to be replaced by hy(t;) and H,(t;) in all
of the given formulas.

The simplest log-linear hazard model is the exponential model in which
the cumulated baseline hazard, H(t), equals t. As a result, the estimates
for the 8 parameters can be obtained by using logt; as a fixed effect in
a log-linear model in which the censoring indicator §; is treated as an ob-
served Poisson count. The second step is not necessary because the second
part of the likelihood function presented above does not contain unknown
parameters. More precisely, it equals 1/¢;.

As h(t) = at®"! and H(t) = t* in Weibull models, alogt must be
used as an offset when obtaining new 3;’s in the first step of a particular
iteration. In the second step, a new « is obtained by

N
~ .
21:1 (m; — d;)logt;

Although the expressions for H(t;) and the o parameters may become more
complicated, the same principles apply to any parametric hazard model
which belongs to the log-linear family.

Clayton and Cuzick (1985) demonstrated that a similar two step maxi-
mization method can be used to obtain maximum likelihood estimates for
the parameters of Cox’s semi-parametric proportional hazard model. Sup-
pose that there are N* distinct times that events occur, which are denoted
by t;. As demonstrated above, the maximum likelihood estimates for the
baseline hazard parameters can be obtained using Equation 4.26. If, as Cox
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did, it is assumed that the hazard rate is zero everywhere except where an
event occurs, the formula for the baseline parameters can be simplified to

7

Doyt €XP (Zj ﬂjzz’j)

ho(ti~) , (4.29)

in which n;« indicates the number of events in t;«~. The cumulated haz-
ard function for person k with observed survival time ¢, H(t), equals
2ot <t ho(ti+). Again, the algorithm consists of two conditional maxi-
mization steps. First, new estimates of the 8 parameters are obtained by
means of a log-linear Poisson model for the censoring indicator ¢ in which
log H (1) is used as a fixed effect. In the second step, new hg(t;«) are cal-
culated by means of Equation 4.29. These quantities are used to obtain
a new H(ty) for each person. Contrary to the procedure presented above,
Clayton and Cuzick (1985) called this two step procedure an EM algorithm,
in which the computation of ho(t;+) and H (tx) form the E step. The rea-
son for this is that the cumulated hazard rate H(t;) can be seen as an
unobservable quantity in the semi-parametric hazard model.
®

4.5 Censoring

Event history techniques are used to explain individual differences in the
duration of nonoccurrence of a particular event. For that purpose, it is
necessary that there be, in addition to information on the covariates deter-
mining the process under study, information on the calendar time of entry
into the risk set (7,) and on the calendar time of occurrence of the event
(7e). The duration of nonoccurrence of an event, T', is defined as 7. — 73,. It
often occurs that information is missing on 73, Te, or both for some of the
subjects involved in the study. This means that 7T is also unknown. Ob-
servations with this type of missing data are called censored observations.
One of the strong points of hazard models is that they can deal with several
kinds of censored observations. As in the log-linear models for nonresponse
discussed in Chapter 3, hazard models make it possible to include particu-
lar types of partially observed data in the analysis under certain plausible
assumptions.

It is possible to illustrate the different kinds of (missing) observations
that can occur by giving a hypothetical example. Suppose the aim of a
study is to explain the duration preceding the first promotion of employees
of a particular company. For that purpose, data are collected from 7y to
71, in which 7 again denotes calendar time. The period from 79 to 71
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To T1

Figure 4.1: Six different types of observations

is called the observation period. Figure 4.1 depicts six different types of
observations. A solid line indicates the risk period, an ‘*’ at the right hand
side of a line indicates that risk period ended because of the occurrence of
the event under study, and an ‘o’ indicates that a person has been removed
from the risk set as a result of the occurrence of an event other than the
event of interest.

Person A started working at the company after 7o and experienced the
event, the first promotion, before 7. Therefore, the complete duration
of nonoccurrence of the event of interest is known for observation A. Ob-
servations B and C are examples of right-censored cases. It is known for
observations B and C when they entered into the risk set, but it is not
known when they will experience their first promotion. Although both
cases are right-censored, their censoring has different causes. Observation
C is censored because the observation period ended, while observation B is
censored as a result of the occurrence of another event which removed it
from the risk set, for example, a voluntary job change to another employer.
Case D is (fully) right-censored, since neither the time of entry into the risk
set nor the time of occurrence of an event is known. This case represents
a future employee of the company. Case E is an individual who was given
his first promotion before the start of the observation period. It is a (fully)
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left-censored case. Like case D, both the time of entry into the risk set
and the time of experiencing an event are unknown. Finally, case F is a
left-censored observation. It represents an individual who started working
at the company before 7y and who experienced an event during the obser-
vation period. Since the time of entry into the risk set is unknown, it is also
unknown how long it took for an event to occur. It must be noted that for
cases like F, information on the time of entry into the risk set is sometimes
collected retrospectively.

Hazard models can deal with right-censored observations under quite
mild conditions. Left censoring is a more complicated matter. However,
when 7, is known, there is a simple solution for left censoring which is
comparable to the way in which right-censored observations are dealt with.
It is important that the procedures which are used for handling right- and
left-censored observations satisfy two conditions: they must use as much
of the available information as possible, and they must prevent sample
selection bias as much as possible. Selection bias means that individuals
with certain values of the dependent variable, in this case the duration
of nonoccurrence of an event, have a higher or lower probability of being
included in the sample than other persons.

4.5.1 Right censoring

There are at least three possible approaches to right censoring problem
(Tuma and Hannan, 1984:119): 1] ignoring censored observations and ana-
lyzing only the cases who experienced an event; 2] treating censored obser-
vations as though events occurred at the censoring times; 3] using methods
of estimation that make use of the partially observed information while
making certain assumptions with regards to censoring mechanism which
are analogous to response mechanisms.

The first solution may lead to a considerable loss of information, since
it neglects the information that a particular person did not experience an
event during a particular period. Moreover, deleting the censored obser-
vation from the analysis may lead to sample selection bias, because cen-
sored observations generally have longer durations than noncensored ob-
servations. In other words, the hazard rate for censored cases during the
risk period will be lower than the hazard rate for noncensored cases. Thus,
by deleting the censored cases, the estimated hazard rates for groups with
large numbers of censored cases will be biased upwards.

The second solution, in which the times at which the event of interest
occurred are treated as censoring times is even worse because nonexistent
or wrong information is added to the data. Therefore, recoding non-events
as events will generally make the results of the analysis meaningless.
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The best way to deal with right-censored cases is to use estimation meth-
ods which use this type of partially observed data under certain plausible
assumptions. As is shown below, it is relatively easy to use right-censored
observations for parameter estimation as long as the missing data mech-
anism can be assumed to be ignorable for likelihood-based inference (see
also section 3.2).

Censoring mechanisms In the fields of engineering, medicine, and the
biological sciences, a great deal of attention has been given to right censor-
ing (Kalbfleisch and Prentice, 1980:39-41; Lawless, 1982). In these fields,
hazard models are often used to analyze data collected by means of experi-
mental designs. Experimental studies in which, for instance, a new type of
apparatus or a new lung cancer medication are tested, generally prevent the
occurrence of left-censored data, but right-censored data are unavoidable
for two reasons. First, the experiment is generally ended before all of the
apparatus fail or all of the subjects die. Second, other events may occur
which remove machines or persons from the risk set. A machine may fail
as a result of another cause than the one of interest, and an individual’s
cause of death may not be lung cancer.

If there are right-censored observations, it is relatively easy to derive the
likelihood function if, at each t given the covariate values x, the censoring
rate is independent of the rate of occurrence of the event under study, in
other words, if individuals are not censored because they appear to have
high or low risks of experiencing an event. Actually, this is analogous to
assuming MAR (missing at random) nonresponse in a panel study with a
monotonous missing data pattern. In the context of panel analysis, non-
response is said to be MAR if, for someone who responded at T' = ¢ — 1,
the probability of nonresponse at 1" = t is independent of the values of the
variables at T' = t, though it may depend on the values of the variables be-
fore T =t (see section 3.2). The same formulation can be applied to right
censoring, which is, likewise, a monotonous missing data pattern. The data
are MAR if, for someone who is at risk at T' = ¢, the probability of censor-
ing in the interval [t,t + At] is independent of the state occupied at ¢ + At,
given the observed covariate values. Since the state occupied at t + At is
determined by the hazard rate at T' = ¢ for someone who is at risk at T' = ¢,
it can also be said that the censoring rate must be conditionally indepen-
dent of the hazard rate. In the biometrical literature, this form of censoring
is most often referred to as independent right censoring (Kalbfleisch and
Prentice, 1980:120) or non-informative right censoring (Lagakos, 1979).

In experimental settings, conditional independence between the hazard
rate and the censoring rate is usually fulfilled. Two well-known special cases
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of independent censoring which often occur in experimental studies are
Type I censoring and Type II censoring (Kalbfleisch and Prentice, 1980:39-
41; Lawless, 1982). Type I occurs when a study is stopped after a fixed
time period, while Type II entails that a study continues until a particular
number of events have occurred. In both cases, all censored observations
are censored at the same value of T'. It is clear that in neither of these cases
is the censoring rate related to the hazard rate of the event under study
since all persons at risk have the same probability of being censored, that
is, a probability of zero before the point in time that censoring occurs and a
probability of one at the point in time that censoring occurs. However, one
cannot be sure that the censoring mechanism is independent of the process
under study if observations are censored as a result of other kinds of events,
such as other causes of failure or other causes of death.

The mechanism causing the censoring of observation C in Figure 4.1
is very similar to Type I censoring since observation C is censored as a
result of the cessation of the observation period. However, contrary to the
experimental context on which Type I censoring is based, observations like
C enter into the risk set at the different points in calendar time (73) in a
survey context. As a result, both the duration in which censoring occurs
(t = 71 —7p) and the censoring rate will depend on 7,. More precisely, there
is, depending on 73, a probability of one or zero that a given individual will
be censored at a particular ¢t. The implication of this is that the censoring
mechanism is not MAR if the hazard rate also depends on 7.

This can be illustrated by means of an example. Suppose that, as a
result of an increase in the labor supply of young people, the company
being studied changed its promotion policy. More precisely, it made it more
difficult to obtain a promotion during the first three years of employment.
The result would be that the hazard rate of being promoted at the beginning
of an individual’s career would depend on 7, that is, on whether a given
individual’s employment started before or after the moment that the policy
changed. Because the censoring times of cases like C (71 — 75) depend on
7 as well, this leads to a dependency between the censoring rate and the
hazard rate. The solution to this problem is, however, very simple. The
only thing that has to be done is to include 7, as one of the regressors in the
hazard model. By controlling for the calendar time of entry into the risk
set, a form Type I censoring is obtained within the subgroups of persons
who enter into the risk set at the same 7.

In general terms it can be stated that if censoring occurs at a particular
calendar time, which is the most common type of censoring in social science
research, the censoring mechanism and the process under study will have
one potential common cause, i.e., the calendar time of entry into the risk
set or the causes associated with that calendar time, such as the altered
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policy in the example. In demography, such an effect is called a cohort
effect (see also section 4.6). Controlling for the calendar time of entry into
the risk set or the causes associated with it makes the censoring mechanism
(conditionally) independent of the duration distribution. In other words, it
makes the missing data MAR.

The right censoring of observation D is the result of the same censoring
mechanism applied to case C: The time at which the event of interest occurs
is unknown because of the cessation of the observation period. Therefore,
the same solution applies to this type of censored observations. However,
it should be noted that if the time of entry into the risk set influences
the hazard rate, the results of the study cannot be generalized to other
observation periods. If, for example, an effect is found of the variable birth
cohort on the hazard rate in a study on fertility behavior, the results cannot
be generalized to future birth cohorts. Moreover, if an interaction effect is
found between the time variable and cohort, the results cannot even be
generalized to the same cohorts beyond the age at which they have been
censored. In fact, this is a type of selection bias which is inherent in the
study of social change.

Observation B is also right-censored but by a very different mechanism.
It is removed from the risk set because an event other than the event of
interest occurred during the observation period. In this case, the valid-
ity of the assumption of (conditionally) independent censoring depends on
whether the event that led to censoring and the event under study have
common causes which are not controlled, for instance, because they are not
observed. If person B was removed from the risk set because he died as
result of an accident, it can safely be assumed that censoring is independent
of the event of getting promoted. If, however, person B stopped working at
the company because of health problems, the independence of the censoring
rate and the hazard rate of getting promoted is less clear. It is probable
that less healthy individuals not only have a higher risk of losing their jobs,
but also have a lower risk of getting promoted. If it is possible to control
for health, again a (conditionally) independent censoring mechanism can
be obtained, assuming that health is the only common cause of the two
types of events. There are many other events that can lead to the type B
censoring, such as a voluntary or involuntary move to another employer or
retirement. The same arguments apply to these events. It is necessary to
identify all of the causes that these ‘censoring events’ have in common with
getting a promotion in order to be able to assume that the missing data
are MAR.

The problems associated with the type B censoring are the same which
occur when analyzing competing-risks data. Actually, the various kinds
of events leading to censoring can be seen as risks which compete with the
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event under study. Section 4.7 discusses models for competing risks in more
detail, including the problem of unobserved common risk factors leading to
dependent risks.

Estimation Let T denote the time that an event or censoring occurred,
and let § denote a censoring indicator taking the value 1 if an event oc-
curred and 0 if an observation was censored. If censoring can be assumed
to be conditionally independent of the occurrence of an event, the joint
probability density of the observed data, T and §, is

P(T=td=1x) = f(t}x)[l-G(tx)]
for non-censored cases, and
P(T=1,5=05) = glt}x)[1 - F(tx)]

for censored cases (Lagakos, 1979). Here, f(t|x) and F(t|x) are the density
and the distribution function of the time that an event occurs (duration),
given x, and g(¢|x) and G(t|x) are the density and the distribution function
of the censoring time, given x. The fact that censoring is independent, or
equivalently, that the missing data are MAR, makes it possible to obtain the
joint density of T' and ¢ by multiplying the contributions of the censoring
and duration distributions. For instance, the probability of experiencing an
event at T' = t and observing this is obtained by multiplying the probability
of an event taking place at T' = ¢ and the probability of not being censored
before T' = t.

Using the joint density of 7' and § given above yields the following
likelihood function:

N
£ = [THr ) [ = Gltalxa)}™ {g(talxi) [L = Ftalx))}' ™ (4.30)
i=1
Here, f(t;|x;)[1 — G(t;|x;)] is the contribution to the likelihood function
of case i if the event was experienced. It denotes the product of the in-
stantaneous probability of experiencing an event at t;, given x, and the
probability of not being censored before t;, given x. The contribution of a
censored observation to the likelihood function is g(¢;|x;) [1 — F(¢:]x;)]-
The likelihood function represented in Equation 4.30 can be broken
down into a segment which depends on the determinants of the duration
process of interest, and a segment which depends on the censoring mecha-
nism, i.e.,

£o= TI{retb™ n—Fles) " {ottx) = 1 - Gtlx)" } -

i=1
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In order to be able to ignore the censoring mechanism when estimating
the parameter of the hazard model an additional assumption has to be
made, that is, that the parameters of the censoring model are distinct from
the parameters of the hazard rate model. In other words, it must not
be necessary to place restrictions between the time and covariate effects
on the hazard rate and the time and covariate effects on the censoring
rate. Note that the same assumption is made in the case of ignorable
nonresponse, which was previously defined as the missing data being MAR
and the parameters of the response mechanism and the parameters of the
model of interest being distinct (see section 3.2).

If the parameters determining the duration distribution and the param-
eters determining the censoring distribution are distinct, maximum likeli-
hood estimates for the parameters of the postulated hazard model can be
obtained by maximizing the first part of the likelihood function

N
L= Hf(ti‘xi)si [1— F(ti|x¢)]1_61' ,
i=1

which can also be written completely in terms of the hazard rate h(t;|x;)

L = f[lh(tixi)‘si exp ( /Oti h(uxi)du) .

Using the missing data terminology introduced in Chapter 3, the missing
data mechanism is ignored for likelihood-based inference about the param-
eters of interest. Instead of using the term independent censoring, it would
be possible to use the term ignorable censoring mechanism. Analogous to
the case of nonresponse, the censoring mechanism is nonignorable if the
censoring times and the survival times are correlated, in other words, if
the probability of missing data depends on the value of the variable for
which the scores are missing, or if the censoring mechanism and the pro-
cess under study have common parameters (Rubin, 1976). If the censoring
mechanism is nonignorable, the censoring and the event under study have
to be analyzed simultaneously. This will be discussed in the next chapter.

4.5.2 Left censoring

Left censoring is a more complicated problem than right censoring. There
are at least three possible strategies for dealing with left-censored obser-
vations: 1] deleting all left-censored observations; 2] treating 7y as 73, and
3] using estimation methods which make it possible to use left-censored
observations.
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The first strategy, deleting the left-censored observations (Allison, 1984),
is the simplest of the three. Unlike the deletion of right-censored observa-
tions, this procedure does not result in biased parameter estimates (Yam-
aguchi 1991:7; Guo, 1993). The reason for this is that ignoring left-censored
cases does not introduce selection with regards to T' (Ridder, 1984). On the
contrary, it prevents selection bias as will be demonstrated below. However,
there is one important disadvantage to deleting the left-censored observa-
tions. It can lead to a huge loss of information, especially if the observation
period is relatively short in comparison to the average survival time. In
such cases, there will not only be a large number of left-censored observa-
tions, but they will also provide unique information on the hazard rates
for durations which are longer than the observation period 7 — 7p. Thus,
the procedure is only recommendable if a small proportion of the sample is
left-censored, even though deletion of left-censored cases does not introduce
bias.

The second option is to assume that left-censored cases entered into the
risk set at 7, that is, to assume that 7, = 75. This amounts to assum-
ing that the duration of nonoccurrence of an event, T, is equal to 7. — 7¢.
Clearly, this solution is only correct if the hazard rate is time independent.
Unfortunately, the assumption of a constant hazard rate, or exponential
survival, is often unrealistic while erroneously assuming an exponential sur-
vival distribution may lead to severe bias in parameter estimates (Heckman
and Singer, 1985, 1986; Guo, 1993).

The third alternative is to use left-censored observations in the analysis
as was done in the case of right-censored cases. There are, however, two
problems associated with using left-censored observations for parameter
estimation: It may introduce selection bias and it can prove difficult when
the times of entry into the risk set are unknown.

Sample selection bias occurs whenever a sample is selected on the basis
of the values of an endogenous variable (Heckman, 1979). Actually, left-
censored cases are a selective sample of the individuals who entered into the
risk set before 79. They form the group with lower hazard rates between
7, and 7p, the group with longer survival times 7. For example, a sample
of individuals who are unemployed at 7y will contain a relatively large
proportion of persons who have a low probability of getting a job at short
unemployment durations. This phenomenon is sometimes called length-
bias sampling (Cox 1962, Flinn and Heckman, 1982). Using left-censored
observations in the analysis may lead to a downwards bias of the duration
effect for short durations. Therefore the deletion of all left-censored cases
from the analysis prevents sample selection bias.

In left-censored cases, the exact time of entry into the risk set, 73, is often
unknown. Sometimes, however, 7, is known but there is no information on
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the values of the time-varying covariates between 7, and 79. The latter
situation is most likely to occur when the data are collected by means of a
panel design in which an individual’s time of entry into the state occupied at
Tp is requested retrospectively. In the promotion-duration example, it would
certainly be possible to obtain information on the date that employees
started working at the company. On the other hand, collecting information
on time-varying covariates may not be possible. Of course, if it were possible
to collect all necessary information for both E and F, there would no longer
be any left-censored cases.

It is clear that the solution to the left censoring problem depends on
what is known about 7. In order to prevent biased estimates, moreover, the
solution has to take into account that left-censored observations may have
lower hazard rates or higher survival probabilities in the preobservation
period than persons who entered into the risk set at the same point in time
and who experienced the event before the start of the observation period.

Unknown 7, Left-censored observations are more difficult to deal with
when their time of entry into the risk set is unknown. Heckman and
Singer discussed extensively what they call the ‘problem of initial condi-
tions’ (Heckman and Singer, 1985, 1986). Ridder’s work on the distribution
of survival data also provided an important contribution to the treatment
of left-censored observations (Ridder, 1984). More recently, Hamerle (1991)
gave a comprehensive overview of methods for handling left-censored data.

Let R denote the length of the risk period before 79, R = 79 — 7, and
let S denote the length of the risk period after 7y, S = 7. — 79. The total
survival time T is R+ S. According to Ridder (1984), the joint density of
function of R and S is given by

g(10 — r[x) f(r + s|x)

f(r,s|x,s >0) = T g(ro — ) S(rp)dr (4.31)

Here, g(7o—7|x) denotes the probability that someone with covariate values
x will enter into the risk set at 7o —r, that is, at 7,. S(r|x) denotes the prob-
ability of surviving until 7' = r and f(r + s|x) is equivalent to f(¢|x), that
is, the density of T'. In the denominator of Equation 4.31, the probability
of entering into the risk set at 79 — r and surviving until 79 is integrated
over all possible 7. This results in the marginal probability of entering into
the risk set before 7y and surviving to 7. The numerator expresses the
probability of entering into the risk set at 7o —r and experiencing an event
at r 4+ s which is ¢.

The density of S, given x, the density of a left-censored survival time,
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is obtained by integrating f(r, s|x, s > 0) over r, the unobserved part of T,

s|x, s - Jo~ g(ro —r[x)f(r + s|x)dr
f(slx,s >0) fooo o(m0 — 1) S(rx)dr . (4.32)

Thus, the marginal density of .S equals the probability of entering into the
risk set before 7y and experiencing an event at T' =t = r + s, divided by
the probability of entering into the risk set before 7y and surviving until 7.
This density no longer depends on the unknown values of R.

Unfortunately, the likelihood contribution on the basis of f(s|x,s > 0)
not only involves the survival distribution of interest, but also depends on
g(1o — r]x), i.e., the distribution of the calendar time of entry into the risk
set (7). Therefore, the parameters of interest cannot be estimated without
making additional assumptions with regard to entry rates g(7o—r|x), except
if there is some external information by which to estimate the entry rates
empirically (Tuma and Hannan, 1984:132). In the analysis of the timing of
divorces, for example, statistics on marriage rates may be used to estimate
the rates of entry into the risk set for the event divorce.

One possible simplifying restriction is to assume that T is exponen-
tially distributed. In that case, Equation 4.32 simplifies to h(s|x)e= (s
which is the same result obtained by the second solution for left censoring
discussed above. This involves setting the time of entry into the risk set
arbitrarily equal to 7y for all left-censored cases, and, moreover, assuming
exponential survival. As was mentioned previously, erroneously assum-
ing an exponential distribution, which is a quite common ‘solution’ to the
left censoring problem, may lead to severe bias in the parameter estimates
(Heckman and Singer, 1985, 1986).

Another possibility is to assume that the rate of entry is time invariant,
i.e., that g(m9 — r|x) = g(x). In that case, Equation 4.32 simplifies to

IS [+ slx)dr fo (r + s|x)dr

f(s]x,s>0) T S(rix)dr BT

After making further parametric assumptions on the distribution of T (see
section 4.3), this yields a likelihood function for estimating the parameters
related to 7" which can be solved without too many problems. However,
the validity of the results depends to a large degree on the validity of the
assumption of a constant entry rate, given x (Guo, 1993).

Known 7, If there is information on the time of entry into the risk set
of left-censored observations, things are much less complicated. But, as
mentioned above, treating left-censored observation in the same fashion as
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the other cases leads to an underestimation of the hazard rates for short
durations. The only way to prevent this form of selection bias is to take the
selection mechanism into account when estimating the model’s parameters.
In this case, we must take into account that a person can only belong to
the sample if he/she did not experience the event of interest before 7. This
can simply be accomplished by constructing the likelihood function with
the conditional density of T' given survival up to R rather than with the
unconditional density of T (Tuma and Hannan, 1984:130-131). When R
is known, this leads to the conditional maximization approach which was
first proposed by Lancaster (Lancaster, 1979; Hamerle, 1991; Guo, 1993).
The result is that only the information on a given individual which is not
selective, that is, the survival information between r and ¢ (or between 7
and 7 ), is used for estimating the parameters.

The conditional density of a left-censored case which, as in the case of
F in Figure 4.1, experiences an event in the observation period is defined
as (Lancaster, 1979; Tuma and Hannan, 1984; Guo, 1993)

RpSEx) R exp (= [y hlux)du)
S(r|x) N exp (— [y h(ulx)du)

— h(t]x) exp (- / t h(u|x)du) . (4.33)

f@T >rx) =

This conditional density is almost equal to the density for a noncensored
observation. The only difference is that the ordinary survival probability
is replaced by a conditional survival probability: The hazard rate is not
integrated from 0 to t, but from r to t.

Apart from preventing selection bias, this procedure has the further
advantage that no information is needed on the values of time-varying co-
variates between T = 0 and T = r. Since the conditional density function
depends only on the covariate values in the observation period, the required
data corresponds exactly to the data collected during the observation pe-
riod. In that sense, the conditional density approach resembles the way in
which period life tables are constructed (Guo, 1993).

Hamerle (1991) showed that the conditional density function used in the
conditional likelihood method (Equation 4.33) can be also obtained by con-
ditioning the joint density of R and S (Equation 4.31) on the marginal den-
sity of R without making additional assumptions with regard to g(7o —r|x).
Nevertheless, Ridder (1984) and Hamerle (1991) criticized the conditional
likelihood approach. It would lead to considerable loss of efficiency because
the information on R would only be used for eliminating selection bias and
not for estimating the parameters of interest. More precisely, by condition-
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ing on R and X, the information in the joint distribution of (R, X) is ne-
glected. On the other hand, Guo (1993) states that there are two important
disadvantages to using the joint density of R and S when R is known: The
results may depend on the time-homogeneity assumption about g(7y —r|x)
and the procedure can only be used when all covariates are time-invariant.
Thus, if it is taken into account that no assumptions need to be made on
the distribution of 7, that the method can be used for estimating models
with time-varying covariates, and that obtaining maximum likelihood es-
timates only requires a small modification of the standard procedures, it
seems reasonable to state that when 73 is known, the conditional likelihood
method is preferable.

Computer programs The conditional maximization method for left-
censored observations can be implemented using standard computer pro-
grams for estimating hazard models. It can be applied in continuous-time
hazard models if the program concerned can deal with episode records. An
episode record has a starting time that does not need to be equal to zero
and an end time which does not need to be equal to t. Rohwer’s TDA
program is one such example (Rohwer, 1993). Since discrete-time methods
always use episode records, that is, one record for every discrete time in-
terval that a person is at risk, the conditional maximization procedure can
easily be implemented in discrete-time hazard models. The only thing that
has to be done is deleting all person-period records from T'=0to T = r
for all left-censored observations.

In section 4.4, it was shown that the likelihood function for piecewise
exponential survival models equals

N Z*
£ = JII]nIx:)" exp (=h(zlxi)ei)
i=12=1

= H 92552 €xXp (easzabz) y

abz

where e;, denotes the total time that person ¢ belongs to the risk set in
time interval z, and E,;, denotes the total exposure time in time interval
z for persons with covariates values A = a and B = b. When applying the
conditional likelihood approach in combination with a piecewise exponential
survival model, the exposure times e;, are equal to zero until the time
interval containing 7, that is, until t,_; < r < t,. Of course, the changes
in e;, will also influence the cross-tabulated exposure times in Egp,. The
only difference between the ordinary maximum likelihood method and the
conditional maximum likelihood is that left-censored observations do not
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contribute to the total exposure times before 7' = r. In the lEm program
(Vermunt, 1993), this procedure is implemented by allowing the user to
specify the time of entry into the risk set.

&

4.6 Time-varying covariates, time, and time-
covariate interactions

Until this point it was assumed, for the sake of simplicity, that the values
of the explanatory variables used in hazard models do not change their
values during the observation period. The only variable that was allowed
to change its value was the time variable itself. However, dynamic analysis
by means of event history analysis techniques not only implies that the
hazard rates may change over time, but also that the values and the effects
of covariates may change over time.

This section explains how to use time-varying covariates in hazard mod-
els. Special attention is paid to two special types of time-varying covariates:
time and time-covariate interactions. Furthermore, some of the problems
associated with the use of time-varying covariates are discussed.

4.6.1 Time-varying covariates

The chance to include explanatory variables which may change their values
during the observation period is one of the great advantages of event history
models. It is also one of the most difficult aspects of event history modeling
since various mistakes can be made in the causal interpretation of the ef-
fects of time-varying covariates (Chamberlain, 1985; Lancaster, 1990:23-31;
Yamaguchi, 1991:130-134).

Of course, as is true in all nonexperimental research, the initial dis-
tribution of the time-varying covariates may introduce selection bias when
important covariates are not included in the model. However, selection bias
may occur even if persons are randomized into the different categories of a
time-varying covariate at T" = 0, that is, if the covariate concerned is not
correlated at T = 0 with possibly unobserved confounding factors. Dur-
ing the observation period, people may take on particular covariate values
more often than other values as a result of unmeasured risk factors which
are common for the covariate process and the dependent process.'® More

0Following Yamaguchi (1991:133), the term covariate process will be used to denote
the changes which occur in the values of the time-varying covariates, and the term depen-
dent process to denote the transitions in the dependent variable in the study concerned.
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precisely, there may be unobserved factors that influence both the tran-
sitions in the time-varying covariates and the hazard rate of the event of
interest. As a result, a part of the sample has both a higher probability of
occupying a particular covariate state and a higher hazard rate. In such
cases, the effect of a time-varying covariate on the hazard rate of the event
under study is, at least partially, spurious.

Another possible pitfall with respect to the causal interpretation of the
effects of time-varying covariates is the problem of reverse causation. One
would expect that determining the causal order between covariates and the
dependent process under study would be simpler in the case of dynamic
analysis of event history data than in the case of static analysis. However,
this is only true for the covariates that do not change their value during the
observation period. Time-dependent covariates may be subject to reverse
causation, that is, the process under study may influence the covariate pro-
cess. The covariate process may be either influenced by the state occupied
at the different points in time or by the size of the hazard rate. The former
is called state dependence, the latter, rate dependence (Tuma and Hannan,
1984:268; Yamaguchi, 1991:137-139). Both forms of reverse causation may
severely bias the results obtained from an event history analysis.

Exogenous versus endogenous covariates The problems of selection
bias (or spuriousness) and reverse causation which are associated with the
use of time-dependent covariates can be clarified using the distinction be-
tween exogenous and endogenous (time-varying) covariates proposed by
Lancaster (1990:23-31). Endogenous covariates may be subject to spu-
riousness and reverse causation, while exogenous covariates do not have
these problems. Lancaster derived the distinction between endogenous and
exogenous covariates by writing down the joint probability distribution of
the covariate process and the dependent process under study. Assume, for
the sake of simplicity, that an event or censoring can only occur at discrete
points in time and that there is only one time-varying covariate. Let ¢;
be the lth from L* discrete time points, x(¢;) a value on the time-varying
covariate at the [th time interval, and z(0,¢;) a complete covariate path
from T = 0 through T = t¢;. The joint probability of surviving through
T = t; and having observed covariate values x(0,t;) can be written as

l
P(.’L‘(O,tl),T > tl = {H tk |T >tgp—1,T (O,tkfl))
k=1
l

I~ Atele(0 tkm} (4.34)
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and the joint probability of experiencing an event at T = ¢; and having
covariate values z(0, ¢;)

l
P(z(0,t;), T =t) = {HP(x(tkﬂT>tk_1,:1:(0,tk_1))
k=1

-1
A(t]z(0, 1)) H [1— /\(tk|1’(0>tk))]} - (4.35)

k=1

According to Lancaster (1990:28), the nature of a time-varying covariate is
determined by the factor

P (I(tl)|T >t-1, .T(O, tl—l)) s (436)

which describes the probability of having a particular covariate value at
T = t;, given survival through T = t;_; and the covariate path between
T =0and T =t;_1. Now, a covariate is exogenous if and only if

P(I(tl”T > tl,l,x(O,tl,l)) = P(.’E(tl)|aﬁ(0,tl,1)) (4.37)

for all ¢;. Thus, a covariate is exogenous if the covariate process is inde-
pendent of the process under study, that is, if the probability of having a
particular value on a time-dependent covariate at time point t; does not
depend on the condition 7" > ¢;_1, given the covariate history through
T = t;_1. In other words, an individual who did not experience an event
at or before T = ¢;_; must have the same probability of having a partic-
ular value on a time-dependent covariate in T = ¢; as an individual who
experienced an event at or before 7' = ¢;_1, even after controlling for the
covariate path through T' = ¢;_;. Note that the condition that z(¢;) is
independent of survival through T' = ¢,_; is equivalent to stating that x(¢;)
is independent of the state occupied at T = t;_;.

As can be expected, a covariate that is not exogenous is endogenous.
This occurs whenever the covariate process is in some way related to the
dependent process under study, that is, whenever experiencing of the event
at or before ¢;_1 helps to predict an individual’s covariate value at T' = ¢,
even after controlling for the complete covariate path up to t;—1, (0,¢,_1).

Chamberlain (1985) and Croughley and Pickles (1989) defined exogene-
ity in slightly different terms as

f(s@)|z(0, 1)) = f(s(t)]|=(0,41)),

where s(t;) denotes the state that a person occupies at the {th time point.
Thus, exogeneity implies that the state occupied at a particular moment in
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time depends only on current and past covariate scores. On the other hand,
if future covariate values possess additional predictive power, the exogene-
ity condition is not fulfilled. Note that this formulation of exogeneity is an
inversion of Lancaster’s formulation. While Equation 4.37 shows that sur-
vival up to t; does not predict future covariate values, Equation 4.38 states
that future covariate values do not predict survival up to t;. Of course,
these two seemingly different formulations are completely equivalent.

Covariates which take their values independently of whether a person sur-
vived or not are always exogenous. Kalbfleisch and Prentice (1980:121-
122) called these covariates external covariates. They distinguished three
types of external covariates, namely, time-constant covariates, defined co-
variates, and ancillary covariates. Time-constant covariates do not change
their values during the observation period. Defined covariates are time-
varying covariates for which the values are determined in advance for each
subject at the different points in time. Examples of defined covariates are
time variables, such as age and duration, factors which are under control in
an experimental setting, and interaction terms between time variables and
time-constant covariates. Ancillary covariates are the output of a stochas-
tic process that is external to the individuals under study, such as macro-
level variables which influence the individual risk of becoming unemployed.
Time-constant, defined, and ancillary covariates have in common that their
values are not influenced by whether a person survives up to T = t;_1.
Moreover, external covariates have in common that they are defined, that
is, that they have a value, irrespective of whether an event occurred or not.

Covariates which are defined only if the event under study does not occur,
that is, the values can only be determined as long as a person survives, are
by definition endogenous because the expression P (z(t;)|z(0,%—1)) at the
right-hand side of Equation 4.37 is a probability that cannot be evaluated
at all values of T (Lancaster, 1990). Examples are an individual’s wage
in a study of the length of employment spells or an individual’s general
condition in a clinical trial. After all, upon becoming unemployed a per-
son has no wage and after dying no general condition measure is available.
Kalbfleisch and Prentice (1980:122-124) referred to such covariates as inter-
nal covariates. They defined an internal covariate as a time measurement
taken on an individual that, as a result, requires survival of the individual
for its existence. According to Kalbfleisch and Prentice (1980:124), inter-
nal covariates often act as intermediate variables. For instance, a medical
treatment or another type of intervention may have an effect on the hazard
rate of dying from a particular disease. However, after controlling for the
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time-varying covariate general condition, the effect may disappear. This
may result from an indirect effect of the treatment on the risk of dying,
that is, the treatment may improve the general condition and thus lower
the risk of dying. The use of internal covariates can help to understand the
process more precisely, but to understand the ongoing process completely
the changes in the internal covariates themselves also have to be studied.
For this reason, Manton, Woodbury, and Stallard (1988) strongly advocated
models in which not only the process of interest — in their case mortality
from different causes — is modelled, but in which also the evolution of risk
factors is modelled. This makes it possible to improve the prediction of the
effects of intervention in risk factors on the size of the hazard rate.

There are also covariates which are not defined externally to an individual
subject, but which are not necessarily endogenous. For instance, in a study
of unemployment, a person’s marital status may be either an exogenous or
endogenous covariate. The marital status is not internal according to the
definition by Kalbfleisch en Prentice (1980) because it is still defined after
an individual becomes unemployed. Whether marital status is endogenous
or exogenous depends on whether the employment history up to 7' = ¢;_1
helps us to predict an individual’s marital status at ¢; or not. Endogeneity
can either be the result of reverse causation between employment and mar-
ital status, for instance because being employed makes the probability of
a divorce smaller, or be the result of some common unobserved covariates
which influence both the hazard of becoming unemployed and the hazard
of divorce, such as, for instance, the stability of an individual’s lifestyle.
Another example of a covariate that can be either exogenous or endoge-
nous is the time-varying covariate of pregnancy in an analysis of the event
marriage. The relationship between pregnancy and marriage may be the
result of one of the following causal processes: pregnancy may be a reason
to marry, women with a higher likelihood of marriage may have a higher
risk of becoming pregnant, or the decision to marry and become pregnant
may be taken simultaneously. In the first case, there is a direct effect of
pregnancy on the hazard rate of marriage, which means that individuals
with a high risk of premarital pregnancy at a young age will, as a result,
have a higher risk of marrying young. In the second case, there may be
reverse causation. More precisely, the rate of becoming pregnant may de-
pend on the size of the rate of getting married. The latter case involves
a spurious effect resulting from the fact that the rate of getting pregnant
and the marriage rate are influenced by the same unobserved factors. It
is not only difficult to determine which kind of process is at work, but an
additional problem is that the three kinds of processes may each be valid
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for different subgroups.

4.6.2 Different dimensions of time

The previous sections discussed various methods for modeling the time
dependency of the process under study. However, no attention was given
to the operationalization of the variable time or to the interpretation of
its effect. The operationalization of the time dependency of the hazard
rate depends on the substantive research question which is to be answered.
Hazard rates may be related to different kinds of time dimensions, such as
age, calendar time, duration, and experience (Tuma and Hannan, 1984:189-
197). However, normally, it is not correct to assume that the time variable
has a direct causal effect on the hazard rate. Time dependence will generally
be the result of unobserved factors which change in some systematic way
together with the time dimension involved.

A time variable which is very often used, particularly in demographic
research, is age. Age is, for instance, related to marriage, birth, and death
rates. It seems plausible to explain the age dependence of marriage rates
from social norms about the best age to marry. Birth rates are related to
age both as a result of social norms and due to the physiological capacity
to reproduce. In that case, there is a mixture of two types of age effects
which can only be separated when at least one of them is operationalized
in different fashion. And finally, death rates are related to age as a result
of changing physiological conditions as individuals grow older.

Another time variable is calendar time or period. This variable gener-
ally indicates changing unmeasured macro conditions which influence the
individual hazard rates. Divorce rates may be correlated to calendar time
because of changed laws or changing social norms. In addition, the pe-
riod dependence of the rate of becoming unemployed may be caused by
fluctuations in the economy.

The time spent in the risk set, or duration, is also a useful time dimen-
sion. In the analysis of unemployment spells, a negative duration depen-
dence is often found. This is explained by the fact that employers prefer
to employ individuals who have only been unemployed for a short period
of time. Duration is equivalent to the stigmatization of unemployment by
society. The dependence of, for instance, divorce rates on the duration
of marriage may be the result of a number of psychological aspects which
influence the strength of a relationship.

Tuma and Hannan (1984:195) mentioned ezperience as another possible
time variable. Experience is the total time spent in a particular state.
Generally, it differs from duration only for the second and subsequent spells.
In the analysis of employment spells, experience is the total time that an
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individual has been employed.

The last time dimension mentioned by Tuma and Hannan (1984:191)
is cohort. Contrary to the above-mentioned time variables, cohort is not a
time-varying variable. It is a variable that is constant during each particular
spell. The variable cohort is often used in demographic research, but is
useful in other fields as well. Cohort is generally defined as the period
of entry into the risk set. Therefore, it is sometimes also called period-
cohort. In the case of some specific life-course events, such as first marriage
and first birth, it is simply someone’s birth date or birth year. In the
analysis of divorce, cohort may be the year of marriage, also referred to
as a marriage-cohort. In the analysis of the length of the first job search
after leaving school, cohort may be either the date of leaving school or
the individual’s year of birth. Generally, the variable cohort is used as
an indicator for cumulated circumstances or experiences that particular
subgroups of persons have in common.

Another constant time variable which is similar to cohort is the age at
the entry into the risk set. It is also called the age cohort. The age at
which an individual becomes unemployed may influence the hazard rate of
becoming employed. The age that a women has her first child may influence
the hazard rate of the second birth. Like the other time variables that were
mentioned, this variable also serves as a correlate for particular unobserved
factors.

Often, several time dependencies are at work simultaneously. For in-
stance, divorce rates may depend on age, period, age at marriage, year
of marriage, and duration of marriage. Unemployment rates may depend
on age, experience, duration, and period. However, the number of time
dependencies that can be included in a model is limited as a result of
the well-known collinearity which also occurs in age-period-cohort models
(Tuma and Hannan, 1984:196-197; Mason and Fienberg, 1985; Hagenaars,
1990:326-332).

A serious problem associated with the interpretation of the effects of time
variables is that the observed time dependence may not only be the result of
unobserved factors which change simultaneously with the time dimension
being used in a particular model, but may also be influenced by unob-
served factors which do not change with time. This is generally referred to
as unobserved heterogeneity (Vaupel, Manton, and Stallard, 1979; Heck-
man and Singer, 1982, 1984; Trussell and Richards, 1985) and can easily
be demonstrated. Suppose there are two subgroups with constant but dif-
ferent hazard rates. In that case, the relative size of the group with a lower
hazard rate will increase with time. As a result, the mean hazard rate will
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decrease with time. This means that if this source of heterogeneity remains
unobserved, there will be spurious negative time dependence (Ridders and
Elbers, 1982).

The negative duration dependence of the hazard rate of becoming em-
ployed may result from the fact that those who are more capable find a
job more easily, rather than from the fact that stigmatization by employers
takes place. In addition, divorce rates may go down because individuals
who know each other for a longer period before marrying have lower di-
vorce rates, rather than because the quality of the relationship improves
with the duration of marriage.

In general, unobserved heterogeneity leads to either an underestimation
of positive time dependence or an overestimation of negative time depen-
dence. An important difference with static regression models is, however,
that in event history models unobserved factors influence the results even if
they are uncorrelated with the observed variables at the time of entry into
the risk set, that is, at 7' = 0. Although unobserved heterogeneity has the
strongest impact on the duration effect, it may also influence the effects of
observed covariates on the hazard rate.

4.6.3 Time-varying covariate effects

A strong point of event history models is that the effects of covariates may
change with time, or equivalently, that the time effects may depend on
covariate values. Such models, which are obtained by including interaction
terms between time variables and covariates, are called nonproportional
hazard models. Note that time-covariate interactions are also time-varying
covariates.

These time-covariate interaction effects can be interpreted in different
manners. The simplest interpretation is that the time dependence differs
for subgroups. In other words, the unobserved factors which are associated
with the time dimension concerned differ or function in a different manner
for different observed subpopulations. For instance, women with different
educational levels have their first child at different ages. This can occur
because the social norm explanation for the effect of age only applies to
less educated women. Highly educated woman may postpone the birth of
their first child because they want to participate in the labor force and are
subsequently confronted with both norms and physiological factors which
determine the maximum age for starting a reproductive career.

On the other hand, time-covariate interaction effects can be interpreted
as covariate effects that change with time. For instance, the interaction ef-
fect between age and educational level on the rate of first birth also means
that the effect of the educational level on the rate of first birth changes with
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age. Suppose that at younger ages a higher educational level is a barrier to
starting the reproductive career because the costs of having a child are too
high. As time goes on, the relative costs for better educated women will
go down in comparison to the costs for less educated women who have not
yet had children. This phenomenon may lead to higher first-birth rates for
less educated women than for highly educated women, but only at younger
ages. At older ages, the birth rates may be equal for both groups, or may
actually be higher for better educated women.

As is the case with time dependence itself, the interpretation of time-
covariate interactions is not always straightforward: a significant interaction
term between time and a time-constant covariate may also be the result of
unobserved heterogeneity. Spurious time-covariate interaction effects occur
when there is an unobserved variable which is correlated with the observed
covariate concerned. This is the classic form of selection bias. In that case,
the differences between the hazard rates for the categories of the observed
covariate decline with time. The problem is even more complicated, since
differences may still increase, but it is less so than if there is no selection
bias.

For example, the interaction term between educational level and age
discussed above will at least partially be the result of unobserved factors
which are correlated with educational level. Suppose that the ethnic group
that a woman belongs to influences her educational level: women from eth-
nic minorities, on average, have lower educational levels than women from
the ethnic majority. This implies that at age 18, the proportion of childless
women from an ethnic minority will be higher in the less educated group
than in the more educated group. In addition, suppose that the variable
‘ethnic group’ is not observed and that women from ethnic minorities have
higher first-birth rates than women from the ethnic majority. As a result,
the proportion of women belonging to an ethnic minority in the risk set,
thus without children, will decrease with age. However, since the less ed-
ucated group contains more women belonging to an ethnic minority, the
hazard rate for those with lower levels of education group will decrease
faster than the hazard rate for the better educated group. This leads to a
spurious age-education interaction.

Another example could be the interaction effect found between type of
union (married/unmarried) and the duration of the union in the analysis
of union dissolution. What is found is that at short durations unmarried
couples have a much higher risk on separating than married couples, but
at longer durations the difference between married and unmarried couples
disappears (Manting, 1994). It is almost certain that this interaction effect
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is caused by unobserved factors which are strongly associated with the type
of union such as, for instance, the stability of the relationship which could
be operationalized as ‘how long a couple has known each other at the start
of the union’. If it were possible to control for such a factor, the difference
in the duration of union between cohabiting couples and married couples
might become much smaller.

4.6.4 Unobserved heterogeneity, selection bias, and spu-
rious relationships

Above it was shown that the presence of unobserved heterogeneity may
introduce bias in the parameters of hazard models in a number of different
ways. In summary, unobserved heterogeneity usually has a downwards ef-
fect on the time dependence, even if the unobserved factors are uncorrelated
with the values of covariates included in the model at 7' = 0. Moreover,
covariate effects will be biased as well since the unobserved variables and
the observed variable become correlated after T = 0. When the unobserved
variable is related to other covariates at T' = 0, that is, when there is some
form of selection bias, spurious interaction effects between T and X will
be found. Finally, the effect of (endogenous) time-varying covariates may
be spurious as a result of the presence of unobserved risk factors which
influence both the covariate process and the dependent process.

Of course, it is important to be aware of these phenomena. However,
it would be even more useful to have instruments which could be used to
minimize the distortion resulting from this type of problem. Various au-
thors (Heckman and Singer, 1982, 1984; Vaupel, Manton, and Stallard,
1979) have proposed including a latent variable or a random effect in the
hazard model to tackle the problem of unobserved heterogeneity. Normally,
a latent variable with either a parametric or non-parametric distribution
function is assumed to exist which is uncorrelated with the observed co-
variate values at T = 0. Under weak conditions, such a latent variable
makes it possible to separate spurious from true time dependence (Elbers
and Ridder, 1982; Heckman and Singer, 1984).

Spurious time dependence is, however, only one source of bias intro-
duced by unobserved factors. The above-mentioned approach is limited
because it does not allow the latent variable to be related to observed co-
variates. Therefore, it cannot be used to eliminate selection bias in general.
Chapter 5 presents a more general approach which makes it possible to
model the relationships between unobserved categorical or non-parametric
covariates and observed covariates, including the initial states of the time-
dependent covariates and the dependent process. This approach also makes
possible the elimination of specific forms of selection bias.
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Spurious effects of time-varying covariates, or selection bias in time-
varying covariates, can be tackled by simultaneously analyzing the depen-
dent process and the covariate process by means of the multivariate hazard
models, which are discussed in section 2.7. By incorporating a latent vari-
able which influences both the covariate process and the dependent process,
it is possible to identify common unobserved risk factors and to recover the
true effect of a time-varying covariate. This is only possible, of course, if
the correlation between the dependent process and the covariate process
does not result from reverse causation. In Chapter 5, these latent variable
approaches are discussed more extensively.

4.6.5 Reverse causation

As mentioned previously, the causal interpretation of the effects of endoge-
nous time-varying variables can be hampered by the existence of one of two
forms of reverse causation, namely, state dependence or rate dependence
(Tuma and Hannan, 1984:268).

State dependence occurs whenever the transition rates of the covariate
process depend on the state occupied in the dependent process of interest.
It leads to a correlation of the duration in the risk period with the state
dependent covariate (Yamaguchi, 1991:137-139). In these circumstances,
the time dependence and the effect of the covariate concerned can easily
be confused. In other words, bias will be introduced in the covariate effect
whenever the duration dependence is not modelled correctly. The only
solution to this problem is a careful specification of the duration dependence
of the process. The bias caused by state dependence is difficult to prevent
because in many situations the time dependence is unknown.

Suppose employment status is used as a time-varying covariate in an
analysis of the risk of divorce, and additionally it is known that married
individuals have a lower risk of becoming unemployed than individuals who
are not married. The result will be that the risk set will contain more
employed people at longer durations than at shorter durations, not only
because employed individuals have a lower risk of divorce, but also because
married people have a higher probability of being employed. This leads to
a correlation between duration and the time-varying covariate employment
status.

Rate dependence, which means that the hazard rate of the covariate pro-
cess depends on the value of the hazard rate of the dependent process, is an
even more difficult form of reverse causation to tackle. Rate dependence can
be illustrated by means of an example. In hazard models for the first birth,
the employment status of a women is often used as a time-dependent co-
variate (Vermunt, 1991). What is generally found is that employed women
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have lower hazard rates of having children, while women who are not in
the labor force have much higher rates. This effect may, however, be par-
tially caused by the fact that some women stop working some time before
the birth of their first child. They stop working because having children is
seen as incompatible with a career. Thus, when a woman decides to have
children, the hazard rate of first birth increases and, as a result of rate
dependence, the risk of leaving the state of employment increases as well.

Yamaguchi (1991:138-139) mentioned a similar case. He found that
people tended to stop using marijuana some time before they got married
because of the perceived incompatibility of marijuana use and marriage.
The consequence is that if using marijuana is used as a time-varying co-
variate for marriage, the effect will be, at least partially, the result of reverse
causation: The hazard rate of abstinence from marijuana smoking increases
as the hazard rate of getting married increases.

Actually, rate dependence results from a person’s capacity to anticipate
future or desired situations. When there is rate dependence, the causal or-
der of events will no longer be in agreement with their time order (Marini
and Singer, 1988). According to Yamaguchi (1991:139), a possible solution
for rate dependence is to use a time-lag large enough for a possible rate de-
pendent time-dependent covariate to make anticipation less probable. The
main disadvantage of such an approach is that a true effect may disappear
as a result of a too large time-lag. In fact, the only real solution is to
perform additional research on the decision-making process governing the
covariate value and the value of the dependent variable in order to under-
stand the nature of the reverse causation. Do women stop working because
they plan to have a baby? Do marijuana users stop using marijuana be-
cause they plan to marry? Such questions can only be answered by asking
the actors concerned about their behavioral intentions (Marini and Singer,
1988:378; Willekens, 1991).

4.6.6 Estimation of hazard models with time-varying
covariates

As demonstrated by Lancaster (1990:29-31), the estimation of hazard mod-
els with time-varying covariates is straightforward if the condition of exo-
geneity is fulfilled. In that case, Equation 4.36, which describes the depen-
dence of the covariate process on the dependent process, does not contain
information on the hazard parameters. More precisely, it is simply the
marginal probability of the observed covariate path x(¢;). Therefore, the
individual contribution to the likelihood function can be based on the sec-
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ond part of Equations 4.34 and 4.35, i.e.,
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These are probabilities given covariate values, which is the same inter-
pretation as if all of the covariates are time-constant. However, if some
time-dependent covariates are endogenous, this is not true. In that case,
the expressions given in Equations 4.38 and 4.39 are factors in the joint
probability of T and x(¢;), and are not probabilities conditional on the co-
variate path. According to Lancaster (1990:30), neglecting the last term
of Equations 4.34 and 4.35 when the covariates are endogenous leads to a
partial likelihood solution which can be seriously inefficient. In addition,
if the endogeneity of time-varying covariates results from selection bias or
reverse causation, the effects of these covariates will be biased.

Continuous time For continuous time, the likelihood function for a haz-
ard model with time-varying covariates is given by

N

£ o= J[httlx) exp (— /0 . h(u|x(ui))du) L (440)
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Equation 4.40 can also be written down in terms of episodes in which the
covariates do not change their values. Let K; be the number of episodes,
K; — 1 the number of times that a change occurs in the covariate values of
person 7, and ¢, the time point at with the kth change occurs. Moreover,
to, is the time point at which the first episode starts and ¢, is the survival
or censoring time. The censoring indicators dy, are equal to 0 for all k; < K;
and have the usual meaning for k; = K;, that is, all episodes except the
last one are always treated as censored. In terms of these K; episodes for
subjects 7, the likelihood equals

N K; tr,
£ = JJ I nCtIxk)%: exp (- / h(u|xki)du>. (4.41)
i=1k=1

tr,—1
The advantage of splitting each record into K; episodes is that these N* =
Zﬁvzl K, episodes can be analyzed as if all of the covariates are time-
constant. If each episode is treated as a left-censored case with a known
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starting time R = r; for episode j, Equation 4.41 can be simplified to

N* t;
L = Hh(tj|xj)5j exp </ h(uxj)du>.

j=1 J

Maximizing this likelihood function is equivalent to the conditional maxi-
mization method for left-censored observations which was presented in sec-
tion 4.5.

Log-rate model Like Equation 4.41, the likelihood for the piecewise ex-
ponential survival or log-rate model can be adjusted to allow for time-
varying covariates (Trussell and Hammerslough, 1983). Suppose there is a
model with two covariates A and B which may now be time-varying. This
leads to

N K; Z

£ = [ITI I #eho)’= exp (<hl=lxe,)ex.:)

i=1k=1z2=1
Nabz
H hab§ €xXp (_haszabz) )

abz

in which ey,, denotes the total time that person ¢ in episode k£ belongs to
the risk set in time interval z. Although the likelihood in terms of the
cross-tabulated number of events, ng;,, and the cross-tabulated exposure
times, Fg4., seems to be equivalent to the situation in which there are no
time-varying covariates (see Equation 4.21), it should be noted that in this
case ngp, and E,p, are obtained in a different fashion:
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Here, vk, qb is an indicator variable taking the value 1 if person ¢ has A =a
and B = b in the kth episode and otherwise it takes the value 0.

Computer programs The estimation of the parameters of continuous-
time hazard models with time-dependent covariates can easily performed
by means of programs which permit the use of episode records as input.
The TDA program which was developed by Rohwer (1993) can be used for
that purpose.
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The {EM program (Vermunt, 1993) can be used to estimate log-rate
models with time-varying covariates. It allows the user to enter episode
records as input. However, changing values of time-varying covariates can
also be specified by defining the different covariate values as different states
and utilizing the possibility of defining several transitions within one record.
In that case, it is not necessary to perform episode splitting. This makes
it relatively easy to analyze the covariate process simultaneously with the
dependent process. The multivariate hazard models which can be used for
this purpose are discussed more extensively in section 4.8.

Of course, the log-rate model with time-varying covariates can also be
estimated by means of standard programs for log-linear analysis. In that
case, the occurrence and the exposure matrix must be given as input.

®

4.7 Different types of events

Thus far, only hazard rate models for situations in which there is only one
destination state were considered. In many applications it may, however,
prove necessary to distinguish between different types of events or risks. In
the analysis of the first-union formation, for instance, it may be relevant
to make a distinction between marriage and cohabitation. In the analysis
of death rates, one may want to distinguish different causes of death. And
in the analysis of the length of employment spells, it may be of interest to
make a distinction between the events voluntary job change, involuntary
job change, redundancy, and leaving the labor force.

Before arguing the need for special models for analyzing event history
data with more than one possible type event, a classification of multiple-
risk situations is presented below. Then, the statistical concepts and the
special types of models used in multiple-risk cases are presented. And
finally, attention is given to the assumption of conditional independence of
the survival times for the different types of events which can occur.

4.7.1 Classification of multiple-risk situations

In the sociological literature on competing risks, it is quite common to
distinguish two ideal situations in which competing events can be analyzed
with little methodological difficulty (Allison, 1984:42-44; Hachen, 1988; and
Yamaguchi, 1991:169-171). Following Allison and Yamaguchi, they will be
labeled as Type I and Type II situations. It is attractive to assume one of
the two situations to be valid because in that case the same types of methods
can be applied as are applied in the single-destination case. However, as
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will be argued below, it is almost always advisable to use a competing-risk
model because none of the two situations is valid.

While the distinction between the above Type I and Type II situation is
an important issue in the sociological literature on competing risks, in other
fields, such as biometrics and demography, another problem associated with
the analysis of different types of events is given a great deal of attention:
the problem of dependence among competing risks (Tiatsis, 1975; Pren-
tice and Kalbfleisch, 1979; Vaupel and Yashin, 1985; Yashin, Manton, and
Stallard, 1986; Heckman and Honore, 1989). As is demonstrated below,
the dependence or independence of competing risks strongly influences the
range of interpretation of the results.

Type I and Type II situation In the Type I situation, the occurrence
of one of the possible events is dominated by two separate independent
steps. According to Allison (1984:42), such a situation occurs whenever
the occurrence or nonoccurrence of an event, irrespective of its type, is
determined by one causal process and, given that an event occurs, a second
causal process determines which type of event occurs. The two steps are
independent and governed by their own set of parameters.

The assumption of a Type I process can be valid, for instance, in con-
sumer behavior research. One causal process determines whether an indi-
vidual buys a particular product in T =t and a second process determines
the brand of the product. The aim of commercials may be either to in-
fluence the second step or to distort this two-step pattern. Likewise, the
process leading to the first-union formation can be interpreted as being the
outcome of such a two-step process. This is correct whenever one causal
process determines the timing of the first-union formation and another de-
termines the decision to marry or to cohabit, given that the first union will
be formed.

If this Type I situation is valid, the two steps can be analyzed separately.
The causal structure determining the occurrence or nonoccurrence of an
event can be analyzed by means of a hazard model for one destination
state. The second step can be analyzed using a discrete choice model,
such as a logit or probit model, in which the kind of event is explained.
If there are more than two risks, it is even possible to use a model for
ordinal categorical data, such as a cumulative or sequential logit model
(Tutz, 1995). The separate models for the hazard rate and the choice
probabilities may contain common covariates.

A second ideal situation, which is called Type II by Allison (1984:43-44)
and Yamaguchi (1991:171), occurs whenever the occurrence of each event
type has a different causal structure. In that sense, it is the opposite of the
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Type I situation, in which it is assumed that the occurrence of an event, ir-
respective of its type, can be explained by a single causal process. Although
the same covariates may be relevant, each event has an independent set 